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TREE-SEARCH ALGORITHMS FOR QUADRATIC
r ASSIGNMENT PROBLEMYS'

J. F. Pkrrr

Moanogemram DtrIsioas Lide-rpn'nt Corp.

and

W. &. Crnwstjrn

Sloan school of MangmemI azana Isu 1irir adTchrovory

Prnts lant the madwrnical ms-rccvur of: quadrate cirtpntlms
["And in a dht-nuv .4 n~mtn:': by1 ronro tZ n a ira nxum tan, ara "&.

wtl~ nwrlin.toa ntn~rr clduff-rrnt ~n~a~tiLton- ntfi rtrii is

era nnrri in n Lit artnilra nlc.i ramn~i ifdr h human
-m-*ri --- rnrA&. ;A on ojgj- ndo .'i: Lv Ahr rr-

trwi~ nninrin laingt w rmamo-w i-n a barkb-art byhr !±- napt -Y54t-ame- rr
in arrnming irf4=69- --J in drum and dir zmraw- fw -&6 msourtio -it4u in ,-pr-nn
%m-t thriw a rnuilnfaeiahv: an- a~n.

In thspprh ie-Wrr Typ..A a~iam- f.- iWtins sw- nhmtr. ;wa ntam
a~~~~r sorn fara ir 4 :hrn-ti w~ ahowkfhmi. and dr-sniine Aoctme l.

flifta. ~ di.r'srdputtrd 6,-a to a fra'la.- '4uflr and 16-n t- truerr

and brnrr I 4rm- J'iul niu iatty 4 jw 6rl*l WWI i- Ammgn if hr -nrima

I. EflhIODUCflON

The quadratic ass*zmrent rpoblem is-one which amies in a diversity of covntexts and has been

irurestipted by a number -4 re-seacberts -ionnaliy. the probemt may hr sated sN.Ipi) as fellows: Miven

P-' cost evefficients S0-_-4 . (i. j. k. q= 1. 2. 3.---n) detennine values-- of the n2 waziables

XMI.= 1. 2. nJ s as to:

minimize

Xx4m=i jnt
i-I

~ cnorr-aiuthaakin'dr !W u er 4a-t- al~ t ut-brrn' p- ri n flr rrh Prr and tro= ;hr

Nsi'nl 5crFoupndnin udt um No. 710-5



1F. IEP.fti AND) U. it. Cra;WiSrO\

llis..nail jf~nam deyrsfrtma ilt fact thaf mathernatically it . stna-tun- i.4 ithttival It. that
Fof the classical linear assignment pni~blem nhncrningf the assignlment, of1 n indivisibtle entitie-S it- each

..f the. n mutually exelusiitc ela:-ses. 4.1nc entity tier Ass. ex-ept that in) the prr-srrnf ra-:e the objectlive

fuitinif iii ropt ains f-runs inich are quadratic in the dicionfu iarzabh-

Comnwvip"in thet field -.f economies Kopinans anti Beckmann, 1151 identified this name with

the- en~t of es;tablishinti anti tg-Itratinzg plant i a: licafxonj pitt- -t.- ucnai o supply-n prejrt-flrlprd

K ~ f-2 -ft-lp!lC

vltA- parnealiain t i assgutta.i.nrnt. ;u4etha btwee p 1181 di anal ther tkmas.yrace inI-a uhn teeis aC. &n P.It hir rat- tnmtm ie ear' aof pernit lwaii tteand Inte a2t 1wan udd
r A' ano~l t~er r-ntaiat io n q ine4. nd U un -ti 1) p oint si tmethws. iii~nti wdIo -

c-rpmm -~~thtdpnd.o pi i -sxnni. mh smzt eilnrt- r h -4 f!yn

- a pup~hr lebewnfwgdt-Co innfle-ethsby-teyreenrlctexeo:

161~~U rif i-S ai w.-,F-- V q ~a

nob f. L and= @4

As latio-r z-flt 21r ar ftl Granverln lw t~-fr "- and Witon2]pntvi tin - prntem 'n tiIrt-du-e of atb-t

--alnearassgent - t prblem. he ca fair a41lw 1Li suha I. eihsrtdb h-a~- i aai

IZ. -

nn--te L p up1 .321 tr asi o-za mar'- ol it'r- theI ao. prideb f i -n. AFt operto il"an

withi-ton a rh-phi! anootro-~r i i lraz h tans=i. In ortherfi -wtt-it c th1 4 i u-The ruir ofk.Aa minimiin



ma $EAKUI AlciAmnt:.;3

"latcn- in fluannie th-am 'ar dim- 'ttrage u--npntcr 1 191. nnnnnt-tzing ti-aI %ire .-- nl;t in the plaice-

nn toic trsn- cetJ~ i n 7"enjs1. ?C) "rc aninsmang teini fl..'t Ifn .r total variable
F ~~~~~titMlutitfl aitd !irut.f airitla ela4 I i aris-t priadurttonsqa-cn ppaulcins [Z

j In -wnie eiuftru-, therr may fir- tcinmtraint-S applivale t, dir pralkin whit-It are ma- rcprn-en-d in
the. statement as embo-died in 0(1) 4L For exaple, there ar beaL uueonta n ric be
hicatril at J. e.r a r-t.rtiiun that pi-.- i and k het not ni-rc- than distlant-t dJ. aplan. tar that *i and k hr
Cisr- thanl I- All single- and painvis ci-nn~trints oif this LiWa are ruaiiy a- i-anidated In (I) - ( 4) hy

~ .1. 1 z 1-unecr- minn- difir-ub ito indlde art- runstrain-- inveIwhir2 ahre tur r

assignments unles-s it is poss-ible to derive an equivalent se of pairwise vansuraints- VViie the alga-
uiulin# it, be diM-ired tan hr adapi.-4 fir ,.ncl casevs the resuiti;n= algoithmWS ma UN-! bse as rffic-vint.

Fromr a probir-m-solvim: poiint 'ii view ahere may in pint-tire be fewer than n plant S. m < n. but with

no6 Lass *if genieralr hrmya-m -v a nndux-irza dumnix jans- rn4 1. in-2 . ,'b

rUan] fik = for all L. k > tn. A!#-4 it isnted that. -tated in termns of a platm j And its- locatlarg
ptflhilrfi 1IV t 4'- andtit hsar iin- ir the pirobtlem ttr hiiftzt a prrmuttatinn It fJ 2- .
tn) dtite inzcerr.s H1. 2-3 ti- t- it# mntmue:

Thi6 represntatiiun wll -a-,n-ins br- it-- in thru felivihc diseu'4a,
For tiiltntqadlratic -4aiantnr idderms a numbers -if pnh-rurrs oft bth the- rrliablv' t?_ the

unrrliahL- ;% r hate been rjedin the trrrannre. Retliable pnmceduret. fiArdne-nniR"_q=4nsimal 5
4

fl

nunssubobjriii fuetdn-'hrt-b-:- raesud hrV Cilmre[0 and Law.h-r iJl. and f-r the

nnrneur easT 1JI)hv Land 116' anb G;atrn! andi l~nr Fr h prdn tt h rrei.4v
tu -unnn 46' a reliable alr'itb ha pr in-n hy tattler I IlX1, Onb ip- nher hand unrrliaidle

psru--dnres hair be-en rxumirted faw 121 P.W- quadratie a-m-.: ;coblenusd~ by Armo-ur and liuffa iJI
Gasdahutrand Ahn-us 171 (;iluo 1fi91LGraves.tnd Whinsucn 11-2-1 hldlier (3.Hillier and Grontii (14

Nugent-. V:Jllman. and l1iurnl 1231 Pep-i, 1241. Strinhera 131. Whitehead and Elont 'j and by Wit-

ment (. An inlerestina Prrnnrrral ariumpin of a nimber if theSe lan-r r mnednuts is presented

in the garer hi- Muart et a2L 1231.
piva a iVunsiatnn pnti v". tr th present -taiw4u- can prrhaps be suceinrf-lr -ummird

a- ft&
t Las-. tE%i-tr el' i- 3iairr it- c-an rse-entiwffv be u-last-- unt-i thtsrc gn'ur-: the i-. -.~

gn.gra..nftn ap!'--arh. id Lavtler IS the .01rtmeairprrdrso Laniur S]) ad IGi-

"-Wae jin art crtr me ratin- appronaths 4f £ S!t andA lIt hi and Land (6 id:t

rers-rnt 1 nalal int--!rff 1 Wn--m _gnn.n. irsIapo.bt -. cii. tnfr

rieblrirt in 1km-h -1- the in4 thr- -nigafranuag pi-tibia whic-h resub- Ft-r theu- ecod ;5-ip %%e

Kimuw s4 nva aetna* s-imta-i-al rrrM-e v hd a0ih laut as m'at-s I.nb C itre-- hi-

rrtiafdr inibn are-uribaiat1 rot vc1nmztsnalh fe t Ie tornu lasrn- -han IS17 Foir he ur

nroap, Gave,1 andi Pilsir 85 ri-pocz tHat .ith tPr a6a"hmt a.; It man-w in F.nrans on at IBM

.T#14. a qumwith a -srqtflr1'11 usmitu- an- awt Ui-tb nit miiN'--. In thti -1 mcd

.'a~~f~-4 ;I nruL-d .- n.
4

-~ a_=_ . .----

mhmI- =mmm i=- i&



4 .. F. N'ttLE AM~) UL Pa. (:ttU$TON

-J6 Nugent. 4-t afL Ifnrig frcd to -nncluatr that itl opu-eeittialPai; feasibile qitajrmdiigJes

aeu- exists at JIment_ lntt-rc-t must fi-us onu su]3-painial nru'.

in the pr-esenit papm~r we reirect auletieen hark tea re-lialfe predurvii for --- lvin-- quadratic

ainin-nt pnirudern.-c henthne. it) hr- ronide'red are the.ewhich equivalrntly be-en referrd tos as

biranch .±n beund lina-dur.-4 12V) hack-ntra k priagraturin-ra prwae--dures Ill 1. implir-it enumeratioin

;tnoi-dur-,t [91. rdiahle heurktir raeratuming priweedure- 1251. and ethers. £s--nialiv the-c -wr the
ivim at me-theas that nt-re -4-i in tlr- ahearithms: tolCavett and Plv-ter W-j GI~e 5'~Lrd11
and Law Irr liML in the fo-llun in." ,-etn-- te pre-ent -a unified framework in tich toa compAre the

CeIdmitm algorithm-i, and dfoe-u-,~sn altrnative s-arc-h stratragics: and either nivans hrv whieh it tflmf

ER h~e tutQ-1thte tit deiLise Intact- efllrie-rn pri-durt-s.
r lleae turning to the a4arutbrma in #Wil. hikur-r %- 41 c.muzcnt briefly tip the nature .f

tHe uhm-thi. tot he consiidered and the reauc,-i firt e-eir inclination to-wa-rd them. I~the nutsI t omm

narme fotr the ra-edurvs to- hse inmrtigaied IS *'Irancb and h-und?- the nans- iven lt the ideas ent-

I U
miiti frttC ac ~a aftri-twniI-lt " 1- O r-t h

ahiiflsrt -tefintat tan terint- a- a tree a lente Nrft~ sltto to hpetttfte

;ane-dure is continnualk i)n-e-itl with rip, -in- a next branch -if the, tre-e to* elahaaraxe and e-ralnate.

The 'ftan 4 - term eeatn. thir rmpln,--. me. and effrec :r #.se mean, -d' hounding the value of

the obice-sive function at each nt-dev in the tree. !wish fair itmnating dominated paths and for sdeninug

a anwt hran'-h fair rinlnirati arid e-tauteen-
Per-rps the r-o~-ne sif the;nrdr- too he comsiderrd! is niot aaurinnily caplturd in 1he Men-

mez &enr to remhbinauniqi4 pr,-:gmnin, hb- its authuaiRts o-sitan and Twt-t 1261. By ninhina:-rial

programmng we n--an pracerdna., tit-1iped tod th bas ee twil jiinripal caterps: the use of a Coem-

m-it-d emmcit-ratire sccrhinque for timpliciuli eeenisidr-ring all potential -. tns:and the .-Jlminatiin
famneart nIratitan -l aaiua atia s-anins which ar- knowun forn ahamtinance. wand-

= ~m and vasihilitv itnsdr'n s o lu narrtalr- All oft the equi-aleat tn-ms fior the-i-c tnmeilbads

wilt he r-ied inte-hbarl4bh bniu&ieu.

Asa wit.ll ier-reftn apa-u:T n m an' the tra-.iit. donmir-amem. andhadi-~e cu mi.iats p
o-ned n te ftaez~i ~-n'~are Lsa aplicable aiher comcyhinamol ;ruprarmmgn aeerntnas as

wela5 in r v pe a-o f -tom4Ielm s l n: -p -uit u re-, I n Itshe .fibiwi ng i-t *ns. a'sIentian wet he1 faen--Isrd_

- .afl natntain~trta srgraimmiang alperithmes- in w hich bmdtn pr-edis first lt the ditserc

-- a a fe-oh-- -uhaiein and then lt- ame-so,"r-ly Itetter- feasible -ilifai-an, ati! uiimsft rX r f-ate .

vnt-ed -- tich ;s 4sbun .t her qatimal. We direct an-nsn~teen tese mrzdnrr-. incipaih1% irnum-

eh'hi the fed-ln win-j. tb-ree el--rbh- attribuse..

Fis.With such 'I:ee!-s there i6 a jsr-.'-iimlih of --au Ing uxidle solutions and trminating

- pr~biam-sewingri- to the ultimate- rnimpleien M the prvablrns-eAihia.lne fliis feaure is -

- 'n-es-h tmn'fant naor quadratat- assftziznmen at sw4drun-

1';~' tbe-- tprctause- sxpliatiz in a" -ffn ntmannerf .ntaernmm that k' aailahie he-feirebhand

-- ~ f ikna. t- -n emimnren has rn dente-d imith the aid ot4a tf-un-'m- ibnrrhaimale-t he.eeeurc That

is ,ncr an the proe--flrr- I.tewtiisr 1uwren s-are-h if. always direcited to~ward seaiuffirm-

uith a tale bette tha the betk-n-ipad iltrint fashtitn EC diseitr attaminng

a known b12nr heane. umme- -4 a prorlnawra-i upper aj-4hor le.we-r itonirt si- i-. ndur-i the

TRrDofl that neerd to- -earth1. Tb.-efar. in rone-xs teer Wmed huitic mr eatnres are alaitahle.

- ea ey~r~e s~tit . ar-dna ~J i; .. dre all rat aflataeenmr en1 uhivch the reliable.



w!* ntgetr mwherrn

7rilk. te-- etpnirini'- ant- atracti~te n thtWt iia-i -e i he -loe

iat! hodt only an op-dtal roiuti#,. hut nil .aaintal -4sdutint -or a p-e'Jnumben~r of m"ar. pre-ferredI -~~ttlutialns. air all ,--Ju-iitin a valu- ulbtl lierifirr d idnalo th- .. rai %alur, an:d -41into
Si- j~~dhwsmt i ' ntr~.tinesnrt~i nihthen- are- atinitr- Ofr the prm.alem -M ofin-

tk~r1anve Vltea are nrt dir-ui& rpentdIn the inotari athe dzi-drbrn 1- in: hd

11. SINGLE-ASSIE;NMENT AL(;0Rm131
A-z ruk:ted earkr'r. afirm: pwr-ip- of cotnhinaaorial p:unmtiinug isi the ti- vf a einarolild ernwr-

a -an tArv far :.v4Ivmaairalren3 dai- at leam inlicI yIit'% -al"l juttenial zodtioa.-t For 4quadrativ

a'--itgnmru. pnd Itrn the-n- are at tea-':it #* ra pow"srednr: mvn ha-ed .m 'hr i-a~ta raissd-

ermta of 41n4e aswinrmnt- a-. and spura ba-n! on the Atstenaw-i c-omufderat'"n ofI pais Aif arsw
nwil-11N tocv Jlathip hater apqrard ;n, ,elialdear 6itbura tr dtie. Gihnare 11] an lItr18

tk-rn~theforer. an lad 161and Gateti anal .... w- 18' ng the latter. in thiis seraimnil we cn-sider

atnatdt 11ns of the fortmer Irpat

A proper 4o a feasible S.04miom t. the probhoem W2-141 Is that wi-.b tie vauiabiles xL; arnntewd

in art n XC at Matn% X ;xjz * there exis-ts e-xaett IVme tamible in each n7oW and inluiin ?f tihe a-sigmn-

urnS inauix X hating unit I -lir To. aati.-fv the re-quiremet-ma #a. f-srusmdeuin all pattential ci;Auv.

wie thernin- ee a contra-lid erneratian par~ur- far mnrating all pIsssibh- wa~ s a- Serliz

'orw etennt tu~-ai each row and etduinn ewd X_ (lne [l- ri-.1.t rwt~itiiC. for fldD~pWr. I'.to Mwuerb:-v-mtP~l
~-trteemn' rm a-f--P ans4Xfnrt..er- wisio a ti~n- w 3ae first elemnt -when

eed from let ig iht. satvth %;il r-oh neither in a n nfail iticorna--lio

atlrati --rnerat- Uimtl -si - king a rlier-14n frinm row n andl herr- emonplrtir the1 splcifi-
FRation a sohnlion. the prai-nlur hacks up io new a - 11 -Art-lenI the next adzris4ilheemn and

steps fort-ard it. raw~ a aain. Ttro rrsub' mnar LAU tepresented in. a tre- sructure with the- iab !e,.I of

rdsrrim-sernur ther jrnniLs-ibl ZSSignena- fs~r plans L: Fto)ll in the jw-rltiiat* n III.(aa
r I)! as shouwn in Fig-r L. \.ne that each path in t~s, tree- repent a febe solutio to o

preens fa em.io

to-n Yna' tu- hiW "quftartivn la ~aln:d mv-o-;rr. yrw-akio 4-a lont

ti-tea itt h-tel : t~~~~~~ ~~-rt s hr~-c=- inaPe -rbrnho'l~ until a srIvrmnid i ar&- a

Ltia I f~ PACW- 2i3 J.te

Elk LANT 2 "IAM2 toN

PLA-T

F's In T ~ C~tI



Irer n- [pun reaching a I .ainllal htdr-vlir ht nrrrstrdr', a%-rirenim evaluated and t.hre tYre-
rvahmt-inn 1-m's ack1tracks is, the lowest noder iwn uir- p azh fair -hirh All hranrs-- have nip. been

a ~elaboirater& select, tle nxt and rte-umrs. When abhe prwrss has hzcktrarired to the -ivi~n nnidr and

all it-, bra,:enrs hate been rnumfraurtL rnerati..n -and bine 'rbe- .4ino - riirnpete.

and -'n-umnrtil the cited pnrr-durr. we have a uer n-ltb levels corrrspnding ,t hlaaiions rather

than pat.a hoarn in Firrt

F a

If in the Dtavrs4' of rthawtrern nin.a;bnwsknn -ith saw atiua

rp-- a wr--. tat Pthswhchpas thrmugh it&i no-derews potential socnC tns 'wich
are noinfeamiid or are domtinated by a feaf-ible tanhnon aledy dsNterrten the enr u n and

mr-auatlanof litnx~-A mantin: 4.rt;m -hi- a be&- eiirinated wit hm-ai impatnnr the ndtia~iity
Of the pndrrsnr4pnlr. Lttu -: r--Bdbih -te f.trdcn tr- ar ndiiae

n~siiim.For an'- tnoi feasible ohiuusm9 ad &L fta dominat-0 if Z. J IfEr an cxhans6v
prwedarr - denote thr Itb feas~ible snhiftno d-ic"-d thrn, in -nerAl. 4, 2E;7-4. ThnmAudm-

inamr -osdrtow 'welt- t. redurc runeratbrn a11! Prahuatkn 4f fea-TWbl 44,11sOludan to a 511b1et

innhh

w hre Z7. an i-ptimal -4~~ a t In effet. 0i i s no qd e by afixiing se the- priliaem hm-ugh-

otthe-an-h r'-e a nm-trmai nf.- XEmZ.. <i 7wier MV 1- t6- best ---1 iwam dlsc-e"n
far. in esenr te nnnzatba. problem he b-e t n v ran.rrirdr in a --equr-n-s of a feasihilltvm- d-
fral- fo'ar wsi-am'ses cat n-m-'ol To aznAte'n!n til- type #4 n'Sidenzbat a lower bouind R is
tie eloped on"Z# at ach alcle inthe tree fta all 0 W w'- Paths p -a- throuh h 1 iv. 11ie ta -
B 1! E-,. !.-r Al 19,Z !If B! 7.; then an rune ralantiuw fr t the node ared i1-w zKcnidrd

Few the quat.-ir --ate- sa n t-nolde- .a-,- &oUndls r-aun iwrmo-=i a numbCr .4 z
SnppnWS e atte ar.ten a;. a: Made " n- '4tnith~-b-. :tt.. ihn

inalr -srnnnt ii' iand% wnw %,sh a..a ,~ a aert Ssrrnn. Lt a- 14W a borer bnurA

AM-

It I' -'~r kg ~r &~ or pe lis~i.- r~ iq. e-.. A. A.



TRE E ILYoI At 'SMT:I11S

u5 ; L41 hWit!? 1;

Hmn~um C22t thtaLtrtc- rrrt.411air.by 'nis I-ri wh rr-7 %inris't tdbsiti - nn7--alr.-:

manh fu &ut -n ;4- 44 . - .rr;vs-.liwl
and~iC othagtw Er n O th sir-e. 1n lof tsre t aiiuari
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1 2 3 4

A i297 17-4 29:1 152

B i:8 251 353 217

C 1244 131 245 116I
D I 56 82 161 73

"bunds determined in the following calculationiis will be exactly twice a- large as the true bound.

ME- Solving the linear assignment problem defined by this matrix. gives us the resulting matrix with total
pk- reduction of 792. The lower bound on the problem is therefore 79212=396.

Si 2 3 4

A 14 0 5 0

C 4 0 0 7

D 0 35 0 48 Reduei-",

for cell B-2 we have.

Es ,N 2 3 4

B !68 15) 78

C !196 175 91

1) 156 50 26
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This term -represents the interaction-uf the previous assi (men 1) with lte posible new aIssign-

Meat (1B-2)

where dj.c n, v andf(2. 4) cf(2. 3)

79 3 4

1199 205i 139-

(45 98- 43-

-- D 39 113 4

- I 4

DA 213'- 99.-

%,1lving this linear aasininient proble we obtain a1 reductiodx of 87- with-the re-sulting ni:3tfl--

110 a -0

C 62 21 0

D 0 0 88

To get the desired bound we now divide by two (sitice the elements in the miatrix were 2a.*.) and

= - round the resulting fraction up since only integer solutions- to the probiem are feasible- Similarly we

develoIp level I of the enumerat ion tree.
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ALL SOLUTIONS

Q ) 437 A-3=2 405

previous %elections of A-2, B-I

2SiLIek- ft -)(dr. A)+ (fz.db)+( US An

MI -- 4

.... C 1-3- 309

X~uka& 1 3 4:

C1 338 P -U6)=-2

! : i -- " . C i"'0 -62

9 t2 - --2

4- 3-

C %1'99 761-
D91599 41

CfA -62

Re-ductiont ---- ka5

The same set of operations for A-2- 13-3 and A-2. B-4

The information for level 3. and 4 are obtained by complete enumeration which we des-ignate with the

vmbol 01. We begin with B-4.
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F

A-1 A-2 A-3 *

476 40 3

Funcu 4. Tntv ehbnnwid f-'u pptk&m 4
FbEur 3 ufqnx dlmnre-tawter abptthin-
with Lwnnds f. Equmui'c 8L

In contrast. liv, ulsiung :he lesstringent thuw more easily evaluated), lirmund of 'r;llor t9) the result
is as shown bmy the tree of Figure I. As illustratimns. we will no-w demnst.trate the calculations for a

FmmatS Tnt- chbonrcietm prnkr m f Fmm 3 nmrz

Gihorjatrr Algorithmo with bomk ii Eqwnian (M
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hound oin i) all solutions, iii) stlutijos with A-4. and (iii) islutions wit!h A-4. 8-3 are as foIlows:

ti) 7-4+6-13+6- 5 -5-232-29. 1-28=39

it) 7-4+6-13±2-23-1-6-15 5-25I -28=395

iii 6-237-.4-.-2- Ls+6-15+5- -5±1-:8=435.

The resulting tree is seen to have a greater number of nodes than the firmer. but since the evalua-
lion of each is less time-consuming the total problem-s-lving time could be smaller.

III. EXTENSIONS OF THE SINGLE-ASSIGNMENT ALGORITHM

Turning to prost-ective improvements in the prohlem-s,,lving projedures which have been dis-

cus-ed. let us review the steps in the- Gilmore-I afvier algpurithm at a nole on level fr- I ) in the tree.
For each of the (n -v+ 1) assignments (i. j) thint can fie made a lower hound Br is determined ac-
cording t t8s. To determine each of4the values 1, requires the formation of an tin - z--- l)x in-v+ )

matrix Ar and the solution of the linear assignment problem which it defines. To get each of the elements
rq_ requires in tun the solution of an (n - t) dimensional assignment proble-it (which in the Koipians-

Beckmazin problem -an be iccomplished by simply sequecing ihaeelevart flow and distance values
and forming the inner prouct) To make an asinment at this node thus entails the solutiono t1tn--:1 )
assignnnt prblems of dimension mz--) and (n-- +)(n-) problems of ditnsion.(n-r---1);

By-expending less computation effort in maklnr an assignme.it ai cch stage it may. however. be
possible to achieve overall iniptnvemeti in problem solving. In the following dt-ussion we shall in-
tinue to employ the sam level byevel -earch strategy. ehoosing at each level a node with a lwest

oluand. but shaill consider alternate ways of assessing the lower undlL-
In jty the valie Z for an.opt;malassignment solution to the problem defined by matrix AP was

employed in developing bond fr, but in .cneral any value Z, constituting a lower lund tn Z- may
alo be us~ed. One such bound less stflngcnt than Z can be computed with little effort by the matrix
reduction nethod used by Little. c! al. |f01. ThIk method rests on the fact that if Thri is the cot ofan
as.ignment with respect to a matrix 4 and if T 1z1 is the cst of that assignment with respect to matrix
A which is formed hy subtracting the constant b, from each ceent of one row or cok.an. then Ttri =
T(g) 4- b. and the optimal assignents under both matrices are the same. Iy subtracting apprpriate

- -'cnstants from each row and column, a matrix A- of nonnegative elements with at least one ,ern in

each row and column'can he ,otained.- Such a matrix they have terned a -educed matrix- and the
sum of the constraints subtracted in forming the matrix, the "an.un of rrduetion? If 'r(.-) is the

total t,-st of an assignment with respect to the reduced matrix A.' and R is the amount of reduction
incurred in reducing .A. then I(;) rig)+ R. Since all eh-ments in .4 are nonne ative. T - ?! 0
for all assignments ;. and shcrefire the amount of reduction R onstitutrs a lower bound oin the optimal
valoe of the assignment problem defined by A.

We will denote hy .4 a reduced matrix for A- and by Z- tie redution achie-ed in reducing it.

Z. may I-w u.ed in place ,ffZ, in determining P,.

Thk cr.n I- A~nt fur in-ianrr. byfi U-411 ,unr r~ n r h r-Jusmn lb 1W h- -t- intr rnt"Imn andf

a0- M q J ti -A- n. '- uz "i t ... ..y I drI I irndrd -M +tII h #b I i r b -h ii .K+ t1 -M aR r r -ta.-r
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Moreovr. In-weetn Z and Z there arc a number of values Z, which may be used. Of speial

interest are thotse derived during solution of the linear assignment problem by a dual algorithm since.

for successive iterations z. z ± 1 .... of the algorithm, the value of the objective function Z. is non-

decreasing: Ye. Z ' . . 1t With uch an algorithm problem-solving can terminate shmuld
tlht c-pudition

Z- L!
Itecome satis led for anyti. since all paths passing throuS the nude associated with A- must then be

dominated. Algorithms of this typte include. fir example. the Hungarian method 141. the network flow

algorithm of Frd and Fuikerson 161 and the PH-W algorithm as impmved by Sprague 1291. At each itera-

tion in these dual algorithums Zr is the amount of rtdution associated with a matrix of nonnea-tive

effiients 4 derived fron the oiriginal, a matrix in which - 0 for eacti xj- I in the optimal salution.

Besides the choice of t he am, unt of reductiu to errm on a mat rix.4 r-, talthereAue numettius

alternatives for selecting the elements at' tit be used in ass.;ng l,. As was nted earlier. in general

any value at) which results from use of an appompriate lower bmoundl in t7j fr aIf is peuMisile- Thus.

for example. in cases where in de-lopin, A._- ijtfj) it is not plssiblc tit determine or, simply by

by .equentig the flm and distant _- elements and fom-aing their inner product it my prove nt-adet
ti determine lwer hounds in the aI in this same way. and then proceed t, solve the resulting matrixI.4. as diScuss., nolher possibility it to simply set A.= !!a--'=- i # k and j.q wher (L . q is the

assignment made in prassing from er it-t let-lr. and then to employ the bctnd:

where Z"- is alw-er hound on the problem defined by t and is the set a-asign'ents exisin when

the elerents a'- were determine. Or. in rneral.

r- A6

where- A,..- a6 and of_4,t are the coefMficents of the asgnments Uit. (iit- r t. ,- r.:)),

................... ) which have been made and Z, Na lower bound in the probkm defined by A.,-

And btween these extreme alternatisves of datermining a miniimnm value for evefl e4, aeording I
I7) at level r and o simply ug t from a p--n-vo uss age there i. for example. the alternative s* re-c -Imputing onmly selected a pereeived t- tn crticatt tsher with ,hen,.

't- is p- 1o Ida 4vo a 34. fro--is fact &hminis=. --- #-un- a i. As 56w pfr- W Ulta-r .4c--

-- A-- r- - nj v t 4 ±a " & d- , n- &b

+ ++ n- t _

-2m

I-- iS.s
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C nuiuuinn: further t1h isu-imo alternate means Of houndin. recall that the situation we have

been disecussino was that in which we had arrived at a iku-de at level ir- 1) and. in the manna -4

Lalrand (;ilmiirr. were making each of Ixitssibic (nt-17- It assignmentS Ii. 1) in level p and exae-I atir throun li mean 1-f an appropriate matuix A, a humnd I for cacti of the (nt -za- 1)noes- Anyrof
the naysp for gniu ir he rinrot- fily the rnatrics.A, and ant degree iS rduction could be emiployed in
eachI ca,-v. lloweier. uhile perl-pap result11ina in lress. s. rnaet bundis, a ilue foir each B1 r at level r

can tie asssd at 'W id (r - 1It withoput first generati Fi each of txi, matrices Ar. henice rcdueing the

.cimpuzauinal effort preparairiy Us nikini -a next a--:g-inwunt. For if A__ Is an approprnate assisnment

xnatix for the problem at lc'el (F- I) andA- = a is any matfix with nouneative ehImns

derived front it ubrout-h line .~r inr stages .4t reductin- then a lower hound oln fsolutions. ;pasing

through thenode atleve r whichreults fothe a-signmernt(.)i

where /t_. is the a-n- utt of reductioin incurred irducpr matrixc A. in A%, In practice A!,tol
molst likeIr hr the reduaced matrix which resnks from simlly redur-g rows and" chnns.c'nthe metrit

A4 asoiaed with -an &-plitnal assianameirt -solution in which u- =40 for all X lin tler44ima ivulmiu.
T-w facilitate .lisru-sn we will aNsume at let he former so that there -sissat least onue zero, dclew
in each, i w and colain dAt . -although this info way limits the pce eralin-ofi discuson.ItT rmpzovy in this_ framneworkc the seatrbh -rwngy o1f Cilmorqe and tuawler which s -et an assignt-

men' =iwich has a lowr lumnl. wc simp, ly hiis a asinmn cr~rsrqwdnr ts a zrcm eleinen

in the c.-t umn cot A,-., rejnestntirm location vWe then procedI to formulate a atrsix4 Ar f itne

nuder wwnratng sour- fir all 4f the reatnian. un- r) ntatrien a-t ith& level at a laer pinpt in the seairchi

pr vs nyi. enda£unnatt&d

To. w nralz rwhaz hernial the search miratrgv of (4mo:wrc anu Lwler and make -search molre

depiendent on the data. %e mayv select finnni all mundidate assignments iji j) a1 level t r- I) a next
asstignmenu. tuot l1imiting choice to locaion- r- A,--uinir4 _-I is a r-edued mnatix. htwever. there

wre at least (H - r- 1I I em elements, at least lone for ea-rl, row and cnalumt- Ther1-efiin. additional

enueria are required fia lu hooing am ong the zeno elements..

A ver effective criteronI, that of Little et aL f2-) whic empkiv- what istermed an alternate

cos:_ At each posint thrumguirt the search prrrs -the Ziln a a.ann , . aioste

set'4allpoentalsoltinsinti, two u-'~ ne of ars potential sollutionrs which includes- U rd

the oche of all potential solutions whiel di. nt. At lewvel r--I a low-c lanud on the cot4 potential

4titkwnw-~ -h firstsult41 i

since .itis a wr" element.- On the otAher- hand, sine one element oust c eventually he seleted frm

each rw and earn rusuinn of the afsiznmet Matrix. a lionrr hound for pownntial sollutions in the1 serwnd

subsertis

We Will 'A-r to the quatitv b ii. ji aloerbund on the sdtir furinfo l oential hra
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fivrs to th1w pair ti. jt. as Aimpld the- alt-rouse cout for the pair Gi. Acetarding to the r-.itedon 4itt
little, in 4 :!w zerolenment is- chose:-n forf which dir alternate nr4- is the grates-. *nm-. -rarch!
prwret- stage by stage si-lecr-ng elenents according t. their ow.I rifltrm until either a ticnl
madec is r-rehed oar !sne for which it i& known that all 5.iatcittat -islutions lisising thrcu-gh it are disnsinate&i

Athis pot- the-catch pni-tce backtracks in the firmt niAde (sFr which the ahtermar east s su

the total compjletion iffac of .,u- be- feasibk- s "qurnce di-su-overed so far. c tp= M1 for the assiogn-
mlentst H !nf-F;#igt and then recnems.

As a eomputationat i etrto it is nitird shat if ;- i.j Zd then the assi-anent (i-ji Mutst

~rssa~t Ime ia-dd ~ very rmindoniinasn! jrnh pa-Ssin thnnah6 the nude- IfthsiEleIntw

Cf moare asig4naraetS. thiri ish tuanc--s-An oerlcii cnn-sier nodes fo~r reh of these. but rasher-
snaket all Euch ~~ninn~immedialtI' alumphUnti; meesi the tree :Ind shea roeed to; est ablish
matrix A- forr thra reinaining rlwkaic'. fit she specrial event th1s this stu o l e'eeet na

t "~,plimAl assignment sltanat a iennoe, di the onqly farther cxnsidrratin. that ntt hr giten

th ncl st aaceqdae asgmn nuindrfiald bhis -ass-iznen

in -uzmmary. there- air mantaimLndinaz ahternafites that may be s-aphiyed Within the tIe search
al.rithsum, icly as we have sr-n.thse ocr ahterauin Ir~Tteemnn h lmnsi

-s matrix -4 at a Oven nodr: -aherriatis oire ef keductiin it# 1h appliedta it: ax iaa -eftoecsr ing

the donuinnre tet to be mnisp on the baZi .4he-resuahisgIz ondk Fther, as has- ea disc-u-sed.
tnt-re are a number .- -leraut Ncrc -- agi~ -agr rmfxe.tiaivetl-

= ~ ~ ~ .tarn th Wtrxw-g rls ratt with pre-f-sp5,cili*eti kcbaf Clirnute adLawler- a,.- t. the gern lvel-

bn-evul stattv wih variable kic Z r Ulg there- is Ihe aftraic ofs pn t vlae th
quadtic -st -Ifa feasible s-aahuio whlich t. .-uhs u!"cvera fraihle sohniimo .thei~ linear A-enmnn
pnmdkLktn 6. dtioennineu as. any w-&l: for if Z 5. c Z; a -ZUr feasie asoilution has- terr disen-vered wnd
the hrxes vat-te 04ft may be- used to snake poat-itidiy nt-a -stringent she danuinanrc tests in wnine

-- fasrqne u -rn - h-re

To ilourawe thes etesnc we azair* th.- prAde &-- wf utwe 3. In he algorithmin aari)

the casrV.W arA ' the- geral ir beleday 4nriswegv .~-- that when fr ren-h lew- nd 2 --? w
shill w a daua-indrgwendrnt sraicty if exhanustirele cnuncrrizc11 anl feasible asiMenzs. Hegnninxu at level 0 atad at every levl there-after. we estaiist matrix 4r hyw dwrrrin~inr o-timal values- of the

er-nn ssaljand thenreui nl oa pia assinme tisdnnc

We then sol4ve a secondS te s--ante prea4-e, illutraing the potuhyo ra-vaing the feasible

quadric as-si'mnent soluhm d-fined by the optial linear assignment. In thspntww e we also

srvincw the alternate cokst at every ngale sit. indlentify -tiriabkds xj -which must neessarily har aur
I~ I. Foar al s :uc-h varialh a level in z t t-Iree is' j urn-orst

W e bet w ith stthe mn ri x 4veliqir" p r eviou --ly a ndJ ;hI r Sawer bond aan all solut ins -e .3M

An '-xandnatium Of te matrix -hows- tihat crlb A-' A4. B-A B-4. C-2. 0-3- Dl-1. and D1-3 may be
serced atz~nnnnail rn,-5. r ahe-snate CoNst of fl-1 that is 4-I highr than at ther .o We

m-ake- .hfimsbrarAatnhiseell- ,sithalsritas

#%ar mtrtn -u!dw~io." ik- t-w mand kah -%- ava tAt n= ,-esta~e. A* hra-0f e--1 oc 4m
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A1128 23 136
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Thle asiAnlm.rnnhl fll:- Ianr--- alienate ost i- R-4 vith 87. We iberefon, brancwh on B-4. then

L rfV.-lirrate All gsib'alternative-s fu'Usawing D-1. B-4.
Ef

ttc
4-tht-"nt~ .- K 419

Allthi p-nt copkiar-s- re -u&-iby he t-dtio D- B-. t!- and C-3-. with the rwepion o-f

i)-1. U - next moiythe iiftial matrix I,, refleri vhcndi-ww -I. hy -Adin M1 'a Large rnnnber to

the Dl- I -enL- The rexnhliinz mnatrix is sohled as a linear assnmnt- rnpmaki bdw with a reauctkin
-7%

A 4 40 4

b: 10 is 33z

0 c1 1

U) 1F Of 01 1

The- hidiewst alteras t qi ithe natnwx if 33 vn 1131 We brlanch a' hekw

The tranix given W13 c

* I 2 4

B %H 344 :K;

4'281 ".98 iMu
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~%m~emwan" c'jilnn rulnh a zn#;3 frdution -if F-411 and the fdnj mais:

4

.4 20 6 4

B!91 0 i

ThL i arqate fn tfli thwart "~a otaining D-3 are mnndw amd t~hatwehiI7=lr

(-- -VL-W K_,

-Astn-ted eariir -1% EL;- n'2 s~rtr than r~rult. then h ~~ie i lm~ ~
!ciik be- inraded in- rrTv nunnrrnatd pth nrn hrnd the nid.W wll o rjtt H!now u~fvthe

rak~inrim ~r azdcpno-Jfm tinhwknl this Irtwe heck, ag itII

-dduilu D-i. C-2. B-3. A-4. mith, atwa 2ruts M.Z~ actua C" of J4 4 5. At
thispdn We541Z;=44fl The, linmbanh is U)- I~ hmefnre and we f~cm anid redact slir wnd a

and snhrc for ad ptimal linear , in

4

A. 0 0 2

Bfl2d2r8n8± 0
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PAR 1-2 1i-3 1-4 2-3 2-4 31-4

A-11 1 (18 150 78 90 24 138

A-C 196 175 91 W35 211 161

A-I) mi 111 ( 20 3so 81 46

l1-C 140) 125 65 75 20) 115

11-I) 16N 1M 78 901 24 1311

(1-1) 211 25 I'l 15 4 2:3
lied v 11,i Dow foil ur el lo, t f ;luve'l imil I 'lyuir rc'Icrei'mh l lit weree itt4 nlro ithe~Mioo 'eel,

I flowl-ve'r. Ilef re'' Ii'illilly 'iilhIPlg' moinhlili 11 M11 aiinmoml~u~ l pirobhlemue w~hic'h arei ItoI lo'iMlIf'pilliI ilomo
It e rigil iieliirialv liMphjollumilf'i pripiile'in hoigr e'Ktimipht Ii Io e'nhlreIy aeieeeliluble i liill, Ihiieiii (lMolgll'
mueuu oiire'i fr lilpMsi 4 1ji1gi lipo he' LImm4iie'i Ific'Lill hIge 1and1. 2 oiid lilouiM dI anidi C~ lipoillonM 3 ill 4.
ii eeiilliuu e'le'.rly lid lile'Li It' fir Ii' iirI n iig hu'(I irle plihlli . Foir ii lt'iol e l'M ulilloi lo hiloig'ii' Initl
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jiroblem we must therefore, affix to the linear assignment problem the following additional constraints:

Thenr yi1frO ynWO
Ykk'e' 0  

1WWf=
0

&2YrnO Y_1qpO.

where ii~j i -Aj. k 96p iiq and k$Af9 [q-

SI Operationally both the tilgorithm of [And and that of Caveat and Plyter commence by determining
an. optimaf'lineat assignment solution for the matrix Au, and determining a reduced matrix A' with

nihinegadve~~~~ 0utisi !.J >~ for all variablesq yukq= I in the optimal solution. Thereater
Giit-and-Tlyfetemplny-onlt-a row awl column-reduced matrix A at eah node and Land employs,

-; oly a -coliinii tduco6d mtatrix at each node. At, in the procedures disussed in th previous sctions.
bothof their algorithmus- prcd le' el bvd vel in the tree, conzinittng one new pair f .e.. settingyjj&1j 1)

F 'IAu .be~outio ateachkveIand ackrackn to aelwest level in the tree -having an unevaluated-
§ ~ ~ ~ ~ ~ p brnh rseetngte nrto be'c cmited at-i given level in hi -tree Cavetai Plyter use the

-aiteraro'_-t method of Lneet al(O vil'adljalways sielects from the columrn having the
-eiweqt ,nume of feibie elmet a-n-the i.h6-eu~ ati r-eoeement hiaving the largest

atraect(asdion i lternaftei costis iiiihe i re6umnX -After coiiit ing a -pair to the solu-
ata- e oei h re( .sig~t=1 feasibility condition (13)'is invokedby seatinjgthe

co43a 4, 1fril t Iseiidi 13j. 'ar~d the resutnmarxse as matrix A-1. at the next
leve !n:a variationt of-the! search ~rc ddiscussed heretofore, however.,Cavear and Plyter. after

IL~~~~~ el tngt easg m n pair and hence the va riable yaj&at node v, apply wl13) for the branch y j =1 and

-, educeethe resulting matrix.4 A to Ie a lower bound on fije cost of solution with y.Jkq= I; if the result-
ijp'bt-und- exci6ds- the-alternate k6st of the -assigntment {ijkq) they will at this point in the b.earch

jini'1i foe brahch f than that* for yjv L
Ti14ultfint is rcidily illustrated. for-instance. in Figr 9 which shows the tree elaborated

ALL. ASSI#TS

4' 3a3

44D

403

cm2I

Fuivnt 9. Tree elaborated i'r problem
by Caveat and Plyter algorithm.

-'In rnamparimn with 1!,: other -warcl, sratrgidei t.hat have beecn diwuf-ed. thi- strairgy may entail the elabormoon oiia
longat path in the decis-ion trvee and require lancfer pmhtlem-otvingp time to dek-rmine a firs fAible -Alm-o
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by the Gavctt and Plier algorithm for the example of Figure 3. Since the detailed calculations under-

lying tile development of this-tree are contained in [8] we shall omit them here.
As in the case of single-assigment algorithms there are a number of alternatives to These pair-[ assignment algorithuns which may result in more efficient algoriduns. For example, all of the alternatives

discussed earlier concerning the extent, to which a linear- Asignment matrix is reduced at a node in

Sthe tree are apllicable in the present Orobkm. 6 imilirly the Use of alternate costs to identify ianditor*
r assignments and the jumping of levels in the ur-e on the basis thereof, is equally appropriate in the

present case. Of course in the present problem the alternatives for deternining the costs a- are

inapplicable since .4= a j for all v, i.e. the value g4 is the actual cost of assigning plant i to loca-

tion j and plant k to location q rather than simply a lower-bound, and hence need not be updated.
In concluding discussion of this class of algorithms we comment on their extension to the- ion'

symmetric quadratic assignment problem in which sqxv v s#q j. For this problem we have the associated
linear probleit:

Minimize (ss~yjtq+s,€jy,'j)

Subject to:

(14) (y.q+ yt)--1 -all (it)

2 YLw+ Ygsrl allfjiq)
(ikj lik)

and Yift., YW 0. for al i,, k. q.

upon which are imposed, as before- constraints (13).
As discussed in more detail for a related, multi-facility production requiring problem (or multi-Isalesman traveling-salesman problem) in [25]. when formulated as a linear programming problem (i

has a total of n (n - I) variables and activity vectors, the vectors for each pair yr., and r,*j being
identical except for their cost. Being linearly dependent, at most one of these vectors in each pair can
appear in an optimal feasible solution to (14), this necessarily being the vector in the pair with the
smaller cost. Therefore setting 3ijk= min (siq, swgf) it follows that an optimal solution to (14) can be
obtained by solving the n(n-I)12Xn(n-i)12 linear assignment problem with costs E-W

Operationally, then, problem-solving for the nonsymmetric problem can proceed as for thesIm-
metric except that at each node in the process the cost matrix to be used is composed of the presenty
minimum elements, ,min (sukn, s~)- To this matrix can be applied any degree of reduction as in
the symmetric problem. Upon selecting a pair of assignments to commit to the quadratic problem solu-
tion, all costs (both for a variable y(R. and its interchange yj) are updated as required to reflect the
feasibility conditions in (13): for any pair therefore. min (sik#. sQtj) may increase for the next node-
Otherwise the only difference between the symmetric and the nonsymmetric problems concerns the
a!ternate cost of an assignment: in the nonsymmetric case. a valid alternative to the assignment yA
may be the interchanged assignment V-j so that in this case the alternate cost is the minimum of that
as evaluated for the symmetric problem iid the cost of the interchanged assignment.
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V. PAIR-EXCLUSION ALGORITHMS

In all of the alg'-ithms discussed up to this point. problem-solving has proceeded on the basis of a
stage by stage commitment of assignments to the solmion of the- problem, each such assi -ment repre-
-seriting a level'in the decision tree. Upon backtracking a particular assignment would then be excluded

- from the solution and the forward, assignment proess resulne& This has been the nature of the process
for both the single-assignment and the pair-assignment zilgorithms. In this section we conclude the
paper with an algorithm in which problein-solving proceeds an the basis of a tage,-by-stage exclusion of

assignments from a solution to the problem.
More specificlly. lei us consider tile qutrdratie assignment problem as formulated in the previous

section.- Suplose for this ptohlem an optimal assignment has been determined for the linear assign-
men rtion of the problem. If for this assignment conditions 1i are satisfied for eveq flt- I in the
-solution (i.e.. all pairs result in each plant being assigned to one location, and no location having more §
tian one plaiit assigned to it) then this solution represents an optimal, feasible solution to the urigifial

-qutdratic.assignment problem and problem-solving-is complete- Otherwise there exists one or moreI conflicting assignments in this solution-renderi4- infasille the-solution to- the quadratic assignmen-

_ _ _ _ _ _ ___-_ _ _ _ _
COST=78+2+0+1+9--2-

1-2 h -3 --4 2 3 2-4 3-4 P-2 1-3 1-4 2-3 2-4 -3-4
2-I 1-1 4-1 3-2 --1-2 4-3 2-1 3-I 4-1 3-2 4 - 3

-AB 31 16 O0 00 8 AB I31 16 M O6 0 8

ACi155337 91 W7AC 37 9 11 21

AD I3 0 -32 24 68 0 -- 3 0 32 24 68 0

BC- 18 6 2 011 W- D 8- 6 2 0 11 Or

B- 3 16 0 C 0 BID 31 6 0 0 8O
1 I _

1 4
Colon0 0 443,489'2 CL1. 0" 0*4 I.9 2

Asanz t ne ioc Ovanw Aine._- ; "n nisso jit nzfrt,.~kn is ieI .

As an '±tampie. Fgu~re l(Oa = -||:,-.s-a rr-thw: tr: fed the illutrative problem in Figure Sin which
the optimal bgi~ear a5ssi-pnnte 131 4 nr'e. t- v -Av with ahernate tvosts trperrsntedf in the upper
i h; band cor t. As I .dil; te. . ."h. .- iici , as m ir no r'*t rdr -e.. h, r,." -sigment is Bpi ftew-unit ir Ie quadrai

probe ~a. -g. ssii-wn!n C40. At U__ mnsnatcn with- )H, 23). WBC -4) with £4 IP13 arpiD, I1) In
an opiimiaifeasible q'ctdratic assigam'-i, then it Must -e true tha! ot -leas- oa of ti issgnments in
thissptinsln-aPr assi--nt-nM -will not bep fl e van thcrefo.rc suinlivide the ti-tal set 4 feasible

qoadratie assignments into thui: wa do t irkide the g.sripneni -45. 14. those that do not inciude
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WC, 24). and so on. for each of the present assignments. The result, in terms of a tree, is as shown as the
first level of nodles in Figure 11. If fbr each subset we now determine the hest feasible quadratic assign-Iment anicng solutions in that subset- the best among the-e is an optimal solution to the original problem.

Beside-each of the nodes o;i level ] in Figure 11 is shown a lower bound on the cost of solutions in
the subset equal to the cost of the optimal solution in Figure I0(a) (the amount of the reduction) plus the

alternate cost of the particular assignment which, as indicated by the node. is to be excluded. Suppose
we now choose for elaboration oneof these nodes for which this bound is miinum. say .44. Making
inadmissabk tis assigunme in the co-wtatrix in-Figure 10(a) (i.e.. giving a large cst of M4) and s6lvifg

I: for-an optimal assignment -tothe resulting problem, there results the matrix in Figure 10b). Checking[ te assignment which ristis slutin is n feasibl for the quadratic probm eishen the result ii
-the tree with-e, iewl'iei of-nuds as sown in-Figu

In a simil4r mainer, we can now proxed to sclec any of ihese findes with hwes bound. Solve the

assignment pllei fnd check it for feasibility, continuing iinil a iode is reached for which the optimal
linear assimment is a fea-ibh quidratic assignment. At this point we would then backtrack and resume
with a node whose lower bound was less than the valueof the quadratic a signments- ,lutio,. continuing

in this manner until the complete tree has been considered.
In eiceral it is difficult to, anticipate the perfomanee of this tyT of algorithm relative to the corn-

nuibment typsxs as discussed in the earlier sections. For the related, basic traveling salesman pMlem
this general approach has proved signmificantly more efficient than stagg-by-stagw commitment algo-
rithms [4 28.9j]. Undoubtedly this is due at least in part to the fact that, in tie words of Shapiro [2-].

the optimal traveling salesman solution is fwquently quite ehsC to the optimal linear assignment
solution in the respect that a large majority of assignments in the former are present in the latter. so
that relatively small decision trees need be explicitly elaborated. In addition it is due in part to the exist-
ence of an efficient dual algorihm for solving the linear assignment problems at each nole [ 29]. In the
present problem this latter element will be equally important. but. on the other hand, it is not apparent

that the optimal quadratic assignment will he "close- to the optimal linear assignment. i.e.. that in

optimal linear assignments the conditions in (131 will commonly be automatically satisfied.

To pursue discussion in greater detail, there are a number of choices which must be made in
spiing I a oaLrithm. What search strategy is to be emplo-d in selcting

a node in the tree it. elaborate next? (:hen the conflicts in an optimal linear assignment solution at a
mven node. how should s luitms he subdivided into s-scts for further evaluation? Which branch
emanating from a nrole (i.e.. which subset) shoud he considered first?

For specificity let us assume for discussion purpmses that the search strategy used is the same as
that which has bien assumed in all of the other algorishms discussed. That is. we proceed downward in
the tree one level at each succ es.-re stage, choosing at each stage for elab-ration the node hating the
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smallest lower bound on the cost of olutions represented by the nude- Upon reaching the houttan of the

tree or reaching a node for which there exists no feasible. nonduminated solutions the process back-
tracks to tie lowest level in the tree for which there is an mevaluated node and resumes. There remains.

then. the determination of subsets at node- and thfe assessment of lower bound- for the solutions con-

taied in the resulting subsetst
While subdividing the subsets into the n subsets on the basis of the n assignments in the linear

solution is perhaps the easiest subdivision to Fpecify at a node (as was done in the ilustration) it is by
no means the only possibility nor probably the mt desirable subdivision. In general, any sudivision

into subsets at a nude is permisfable which rxclude- at least one conflict present among the present

Assi;gment Alt cost Conflict Al. cust

AB14 389 BD23 389
AB14 -389 CDI2 392
AC24 98 A1!3 389

AC24 398 BlXZ3 389
1013 389 BC3 389

BC4 389 CD2 392

F ica 1 Cmnfa S Lween airs 4ofa u nmr ina n fmat r A pr=-4co inr irwr

assig.naments rand hence renders inadmissable the present s6thlion) and for which the union ifth sub-

sets contains at least on.; feasible quadratic assi nmcn which is optimal for the set being sb ided.
Figure 1 shows all conflicts in the optimal asi ent ution of Figum i aris ig between

pain of the assignments. Any of these conflicts could be used as the bais for subdividing. For example.

Figure 131a) mustrates subdivisin of the basis of the tonflicts between the assipiments _.C-4i and
(ADI3. Of ar-. in the optimal linear assignment at-the resulting nodes there may persis conflicts
which were present at the parent node- thus at mode L4D13) it might be neces-sary to re-sdw'e at a next
level the conflict between (AC4) and i;/M23; should it be present in the new solution at that node. as
illustrated in Figure 13b). On the other hand. the com l may mt appear in subse-equent linear assign-

went solutions and henze not have to le cosid-ered explicitly.
More stringent. subdiTions may result. pcrhaps, by using more than a single conflict Letting

4,14 denote the event -n assig nent AC 24-. 24 the event "'assi ient AC24V. "' logical ,C'
'disjunrnion) and '- logical and- (conjunctlont. we can represent the reolution ofthe conflict between
AC24 and AD13. for example- as simply:

51 C-24 9A ADI3.

meaning simply that a necessar " condition for feasibility is the e-vnt -not assiz .rntACZ or 1'not
assignment ADI3T or hoUh. Suppose we a-,w consider the cnflict betweevn. say. AC24 and M23. For
resodution of this conflict we must have AC24-C 9 23 -it that in cununvnin withtl5) we must hate for

resolution of both:

'16} (.4724eAD13) - .- '-4eBhl--|=A243u4D3-81Y23'

+ -- !! !! m : r '"Tlo= td -n - .ws -A he nnoat n i. . . . . . .... " . . . . . . " ..... .. .
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Forthercukn noeswe prored just a riet eniea pia ie sstej hr
now~ every as-rnwe-z -appearing irs the eprtondefining a node ki made inadu saWe. For a lower
bound for a node probabl the easist is to simplyv use the law?-- alwe-mc cost ci" the as.pfnients- to he
excluded at the node- A mw stringent hud 4 eoutn-e would result Lv actually makig the rirruent~s
inadinssale and reducina thr resobing as--sipinr mwnis or by olotaining an optimal a~mmn

These- flus4rtuts ene in. indicate the nature of !b.- choicrz- to be madle at a nodt in the tree.
Refericr to Figure 13 it is clear that C) is Preferable to fin s-ince the reuting subdivision is. obainwed
at a sig lvel 4f the tree-, and with no increAse in the number of ndrs atthAJel S-imia it can

t'~~t~r ="- r~O&2~~ ~ ~ oW wcuw~tf N atifI that leW S hr wdv s

-at I Thrm. W-~4 .ir "R Im -z ui - rnwl 6- a I~-a irt om w4afr nm -



3D J. K PIER(%E A;-ti W- B. cXeow!-rux

be araned that the subdivision in Figure M~e) is preferabile to that onm she first level in Figure 11 since
the total number of -subdivisinsz or node-s to be conisidecred is the same while tile size 4off each of the
subsets in ste fonner is smallr. Unclear. however, is the choice- among, say. thosec in Figures I3tle'

F idi. and jet a choice involving a larger number of subsets, but each of smaller she.. On the one hand

it 6- necessary- to determine a bound awijor optimal assigrmens for each node. but on the other, therenmsale h greater is the pussflilitv she node will be bounded by an existing feasible
solution and h nce not requir any further consideration. Similarly with regard to she- evaluation o

lower bounds wt a noide: reducing the asscignmientl matrix andior determining an optitual assignment
yilsa more stringent bourn and enhanc es the likelihood that the node- will be bounaded. b- ou sodo either

requires estalihshing and maniplulatig she appropriate aissigrunent matrix tor- that node in contra-
dist-inction to the use of the aternate cust information which requires- no explicit oonsideration of that
node's matrix- These choices remain subjects for empirical studly-

In concluding discussion it i-s noted that in practice it may be efficient within this exciasion type
of algorithmn to be looking at each node for nsandaorv srncs as well as for assignments to be
excluded.. As- before, thisk could be done simply by checking the alterate costsA off the assinmnt
whiich 4Kccur in the optimal linear assignment. For each mandatory assignment discotered the appro-
priate itisted assignunt would at that time bie ade inadmissallc. thereby makine- subisequent
bounding and --'arch potentially more effcutive.I ~ ~~~A an illustration, we. agi corzsuder the problem in Figure S. anwo- i ihte olwn

tlorshm.. For a s-earvh stgy we ulse the s-am leweltvy4evei strategr used fo iilrat through.,
aut. choosing at each subdiviion- an unexploWed node baving the smallest lower bwm&l In each optimal
linear assignen th lent ot fteasgmnt r l hce osei h SC-1malt can
be sho wn to be mandatory- Whenever a2 node, is encountere foe which the optimal linear assignment
results in a nonfrasbAe quadratic assignment, a subtlivisio i fmd n thfoownwa.AlM

of awmiginments in the optimal solutions ame invstimated for confict and shotie so found are noted
toret-her with their alternate costs (as was done in Ficure 12J. Front this list is seletted she pair for
sth the s-maller of the two alternate cnti-j- is larpnss among the minimum of all1 pairs: ultimately every
fcasle quadrati-C ass-ignment- which resolves- all of these conflicts must have a costi at lea-st slarge
as this value- Sho6-uld there be m.ine than one pair with this same mlinimum, a pair is slected fiz, which
she other alternate cotis inaximmat. Oin igure 129 we thus select either the pair 4C24-4D1-3 or .4Q2-
RMD3tt For the aselected pair, we the-n search for other Pairs which hare arn assi4gnment identical to
the- a:ssinumens in the selected Pair havinge the latter alternate cost, and use thes-e pairs in conjunction
with the selerd pai. (In Figure 12 we would thus i'om from she Mn 40-A24-ADM1 and .44-812
the subddivisia : tC24e0 A013 - 8112sj ue resingn subdivision will thus insure that as least the
minimal increase in east ifthat eventually must he incu-rred will in fact he incuned now, and possibly
a -weater innerase-hut witbt prolferating she number of individual subsess to be cosdrdat
this level in the toe. Finally, other assignments arc sotwmstt having exact ly she same ciutlicing ass-ign-
ments as this assignment in the- ediginal selectiin pair wish she higher alternate ooss in the exampe.
Zas-m44 mt baring the c-nflicts wish the -ame assiatmerns 41113 and B023 as dvies 4024) and
thes-e conjugated With she presenzt set of conflicts (there are no 41"t assign-ments in the example,
71Th res--ult is- a sut-Aivusson caUsisting of two subsets.

In sthe even there is; conflict in an opitimal linear assignment -~sim hu "no off amngsmple

pa4711of assignments we S1i17104 choose the first subst of the assiaments disrr-vered :o be in coiflict.
remove the assianments in she subse t a unaribting to the conffiet. antd subivi-de on the basis of
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e Vmaininsast15imenuls- each asiginment deFiling ne subdtivision.
Occasiunally in the deelpment of the enn nthmio tree it can be shown at a node that a par-

titular pair of assignments i5 mandatory in th same sense as in Seclio IlL.1 Fo ple. in Figure 1448
we bave a solutioin 445 C1L lalirti with a - which was- obtained as follonwic The adkutimn I#o- the linear

assignmn~t prutlein colne after adding TV32 had a reductio of 445 (equal to, the current best
= feasile soluiouL Th alent mot of w"signment CD12 was 19-. and therefore CD12 would hare to

be i any optimal solution ito the problem- Simnilar the updated ahtennate ctxss of ARM and 8013
force them into a soluniuaLi. These assignmments taken jointly giveA-t- B=3. C= 2, and D= I for an
actual co"- of 445. It is5 initeresting to none that the assignments which are otained in this uanerI ~ ~~~~mar result in a ntnfeasil solu ti s £ the lincar assivmment tvttblem at that pon inte nnerto
irm-~ Fir exam-ple. we might have arrived at the above solution even if BC 23 were -spreificadl, excludedL

For the Gavrxt and PMtter pnddctnm in Figures 3 and &; the tire which is eit d is shoin-
Figure 14. At least for this problem the opfimal- linear as-signment soluti-on is not -consC- to the optinml
quadratic assiganist fsolutin
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VI. CONCLUDiNG REMARKS
In t-his paper dare cLasse:, of al~gorithms have- been discussed for iongquadrant assignmett

problemtn Regardless of its class erach algot-itbin which has been ctns:ideed 1is r"-,be it the re-spect

that if carried in, coimpei"u it guarantees the discovery of an optimal solutima Furthermore in finding

so that. if de-4irrxL prohkqn-sis'wng can be teeninatedu prematurely with a usabl. if notA opfiimal. solution.

In additio. theser proi-edures can all efficiently nxlr infianlaion avSalhk beorehan! repurdi-ng the
value of a3 known fiehf -oo "iin and hence. f-or example, ran be readily Uts"d in eaitmaiu with
heuzi-nic procedure irhih gives po- sub-ptimal sdutions, Mroavcr. if Iesired. al of the Lsihs
discussed can be used with Alght modification to driermine ali o-ptimnA litnmt-- r a sotrfled nwtn-

her of the -m*4 preferred %4oluions. and so ona
Commuon to all three ca-,es o f alp-4itham' is the nnwnctsring of the quarnksicnn Problem

in terms of a relaxed linear -Assignment problem In each this latter prnblem is then use--d in directig

the trrserhncrns and in lnandiing and dominance ciuirros rindt reduce search-
flotwerer. bertwen the- linear asignment problems usedl for the singe-assignmen aignuixshinrs and the-
pae-aizm-fnment algoxiflun there arr, -majur dIfferencs.

In :h .11 eaWinnn Case she linear assianment probirM istonly -K dimvfnmor A and has
the property tha a feasible solution aways rep~reents a feasible oluion to the quadratic assignment
p-rnbleat its. s-huon in-. innrern lit-- in the fact that the ruost structuir embodied in the- liara-sin-

mmii problem is n m p-nea. an exact rpir-tation nf thle true c-st Atcture of the qaadndrtie

Problem.. hit only an apnrr'simaion,- TE eff& fto diminisi' the atin 4n o w theounds and domni-
nanicess and to -- uessatte the pernobce expensditure 4f proinnmsoi ing time in updating the iejnr-

- scntatiion of the cast- structure..

In te gir-ssan- aor airndus'inems onthe thee hand, the msrsn lier saninn

vndde-m is,- sirnifculea y laraer.. being of dlmctnsimm snlXs -f0-fl- !III in ifi- larguprjw-Qdtm it is

po-ssible to reperesetlyct the i-i *nmrm r 4 th quadratic piolem.a Rwuer. thc shateecins of

this- Uhrpir em'i isi the (an thall a feasibler smdution tith linear probina ae"d not -'M5 Ristfv a
feasi-bl soution t.- the quadraic r4ilrni

Ex-n (non tmur exprience with the onr se pro-bl this; papepr it is clear Slut the diffeten

a! *iihmnfs can givre to zthe dlabatim 4 qu- different partial tree-- of sidti with unite cdiffering

nubes f ods erFiurs 1-?9 .d14L.htei i ftefr that the time reqnirrd to
ellw'rate and evalna-r ;! szingre ne in a tree can differ mnarked! mn h iUrih s.iisdfc

to a ses th re k it- ef ici n c y f t e d ffer nt i m w th m aiA f u i im e.g th ne r~arP- h m -i t In dr i" e.

morave.. hereltiv efic eny WA w tam t. o- hehghly dependent onhAM particulaer huqm of the
quadmpic-nou beingslti Few examg&r were -.1m cerfrxens c.; in a problex" with shrt'

funetm 6i to preuminaz. die appzmate ow structure in thesilemgnutmthdmit

in fact he quite ckws& tio the tue vv-4 stretmr and bnner that A-ass of algorwuhis be quite efficiemt
On the 41ther hand. wre an architen§ to pue-3a unoirmWmatien br4 rwecmJhMn

pemnisJ~rassgnmnu. the ability is. reflect & lrtheir imuicrirmns in the roil- reprweaton .4
the pr-ciarnuor pair-ru-osi-m c sses T~ender theNse appraetz--s mom effiient H-pefulfly.

- -, it win h ise ii oda infonuatifin vnnanini- to these questionis (rmm the computationral resuils to,

hr reported in the- 5suloejurnt pet-
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In accordance with the above~ discussion and assumptions. the original problem can now be

restated as follows: "Given a graph. G. which defires a flow net work and limited resources. determine
lte set of arcs. Z*, to remove front G such that the resulting maximal flow is minimrized.- An obvious

constraint is-that the totill resource expenditure required to obtain Z* must be less than or equal to

the total resource availability. Employing a symbolism similar to that of Eerge [2]. this prob~lem may

be stated mathematically as

maximize t (G-E(~ZI

-SUbject to the const raint epniuencsayt eto r

R R

R,=the ma~ximum resource availability, and

0& th t he onalyzred heilri is identcalor ht of. WuL Jer

Tl~dlpetof this twkar -msrid setin i eite zeror ure prWousper 4]. poetwo teochius been
-eamind etensivel by Fwrd anework3. dTheyfrs eha qe prided th ae folfin fnantal-

THOE _e mohe viial flow n romatlore t e fsnsSinafo ewr.6
liis eq uthe mni of tswhile saciesofd utso a rsm- httes ratin Sa a fxnd mero tais

--Thi thoeouremms al he rifioa (i ofl a siell -n agothmr byword an iker 1onfor dteremning

the-n maarc. bur is aeso ueedithare nemsay will remvl tIs roure t eteRIfrmine hics miald
then- pic.the -bei nl to hrolri isietclt htLfWlmr

COROLARe o: thi-ectnima flxwtrteud Gro our anrvioauunio ef] Nte ar clapiis ben

thorL R -c:cer it maima poflo nrltratr hsmxml lwb aiuaigete h

ofo ar set oitis.
THOiE 1. ane arima nlowd n h graph S. If th sjc t of ll s itie a fl reanetunrhanGd

th enult thG minimumoolayLa aial unt of the capacitie of ar cut- Let of aerretthcapct

O OLR 1r: T f~4)as esnhe maximal flow whenwd G, i an uiau d cio of tree ctithen the

q Cni er -no an~ ar i icud in cflegrphG.I the a capacit of a t nhe argsedmtat uoclongeas
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C1  Ct, are is included in at least one minimtal cutset. If Ci > C7~. then .re I would bo'li inchided
in any minimal cutset and would contain a -slack capacity." Let 1(h4) I e the interdiction- cau.3-d

by the perturbation hi in the capacity of arc i- Thus

and

h; ~ifkhi< o and ?d <C,

(1 if hj< o and Ihd > Ci
S(h,) if i> o, and C;+ h-< C*

CJ* C; C:ih-_C1andh > .

If thle perturbation hi required R1 units of resotyurce then A, would bf- considered as ;he cost of zhe-

By similar rvasoning. slack exiets in are U),(F if ~ ;< 3'Ck. The quantity C! 6; the effeetine

capacity of arc 1. We may now define te slack assoc-iated with amelw. cri. as

3'Cj- C' C~i-EW(1. -Ti

~fi Ci;

and r' , C;f ni.

Shapley 151 has investigated the interactive effect of capacity variation fo two arcs in a network.

This interaction may he either assistance or hindrance. and is defined by the difference quotient

where Of- -is the maximal flow through the network. Ci-- hi and CJ; Izj are nonnegative- and h. - j

is nonzero, If the difference quotient is positive. then arcs i andj assis6t eh other, and if the difference
quotient is negative then am-, i andj1 hinder each other. if arcs i and ; have qij > oand cr; > n. the slack
could be reduced by increasing the capacit ytof are j. Further. it would be possiible to reduce the slack
in are i to zero by reducing the capacities oif arcs having a negative diffecrence quotient with i. To iden-

tify arcs with noritive and negative difference quotients we quote without proof the following theorem

due to Shapley:
THEOREM 2: fa) If the terminal node of I is the initial node ofj. then qi -:: b) If i andji have the

same initial (terminal) node qij o : fe0 If the initial node of i is a Source and the terminal node of j a
sink qij a.
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When the slack of any are i reduced to zero that arc would now be included in a minimal cutset.

Therefore. it is now possible to define the interdiction function for all arcs in the following manner.
d) If arc i is included ih a minimal cutset Equation (1) gives the interdiction function I(hi).

)2 If arc i is not included in a minimal cutset. but can have it slack a'i reduced to zero by altering

the capacities of-tther arcs. their the interdiction function i(h) is the variation in the maximal flow
caused by a variation ofh-., in arc i after the alternations for the removal of the slack.

(31 if arci is not includedir a minimal cut-et and the slack a, cannot be reduced to zero. the

The resource cost of interdiction in cases (1) and (3) would be the cost of the capacity variation
hi only, but for ease 2 the cost of capacity variation necesary to reduce the s-Afk to zero would also

have to be included.

From the above definition, we see that the interdiction function possesses the following
properties:
(4) 11Mh)i 1 i'_L (51 lMh;4 hj) = ithl+ hi).

(6) iI(h1±h1)I j1!(h)! + z- (hj) 1.

IV. STATMEN OF THE ALGORITHM

For the problem under consideration the capacity variation h- would be exactly equal to- C as
arcs cannot be partially destroyed. Hence the problem may now be restated as find Z" to minimize

i_ -6(G) +1 (x 1 })
subjecet to the constraint

5! R;5 R..

The solution can be obtained through implicit enumeration using a b:.anch and bound procedure.
The decisions either to include or exclude a particular arc form the branching procedure. The bounds
on the interdiction can be obtained by considering the following:

r=; (G)+ {- i).

Therefore, by Equation 6

ffrdMC) +X I-CiA.

Continuing. 
k"

r~e~fG)+n f ) 1" . Ri
r6.MG) + run Ri

kZ

(7) ~r R-.1 G) + nIn R,x

(7)ki
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R . A computational algorithm for solving the problem may now be described.
In addition to the notation used previously let Z4 be the set of arcs destroyed at iteration k andSTt he the interdiction achieved after k iterations. Now the algorithm may be stated as follows: Begin

with k=l. T,=6. Z=4. D,=R,., For the node All Arcs set UBJG)=O. Create the dummy

source S and the dummy sink S (if necessary).

STEP 1: Lable those vertices nearest S according to

It-=+ C,

Set C* =C, for all ieor(V0L

STEP 2 (A): Proceed to the next set of vertices and label them according to the following tues:

+ c,[ C c< V i

r-4 Cl x c1< x

- C c;. otherwise.

(B) If <, < 0 compute 0= Cj-Ir i .

set C1C;-0: ieet m

(CIf Ir>0 Wt C;=CI iw(V).

STEP 3: Repeat Step 2 until the vertiees nearest S have heni labeled, then proceed to Step 4.

SMP 4 4A) Starting with the arecs earest S and proceeding backwards consider those with

It-- For these arcs compute

c;=c,-e.
where~0= 2C;-;h,..

() For all arcs having slack o, > 0 (a.r as defined by Equation () identify those having a
negative difference quotient. Among these determine the minimal cost of removing the slack. Then set

Ci = the interdiction obtained and Ri = the least cost set of variations to remove the %lack a1 .
STEP 5: Repeat Step 4 until no further capactties can be adjusted. Go to Step 6.
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[STEP 6: Compute the quanities

Select 57 'iax {&I*R.- s l

and 5;= max a'R; . n P r4.

STEP 7: Create the nudes un the tree irs and (F). For node (Mt compute the upper bound:

lift, n ,/hk-- T_

STEP 8: To Branch from node (r). we set k-k+ I

Tk = TX-.-I G .

Z& = 7.-., Ur. and

Ieurn t,, Step I arid continue- initialy stin- all C to their ignal values. Until hn {Rj} > D.

lelt T., 7s -s Go to Step9

STEP 9:earA back up tire free= until a node (if is encountered such that Ul4 ) > T. If more
than oe U' > 7' branch from the maximum. Bein branching from that nodc by returning tn the

S tep 6 cale-ulati at which arej wa s scted for interdiction.
STEP iCP Slect for interdiction the arc designated by & and repeat Steps 6--8 ntil ,oe of two

ossible vcents occur

waVir,{g~ > CotoStep 11L

fbi Thte ac i is seleted for interdicthm and a deciion Al) is incorporated in this branch par-

viouslvo Q, it, Step 12.

STEP It: If T > T then -ea T*= Tk and zo to Step 1
TP 12: Continue to srch back up the tree flr a n de with UBffWj) > T repeating Ste-ps 9-12

until no further branche.- need be searched. T7hen 7h is the optimal interdiction and the set of arcs to

= wreo is 6ien by & =ZV.
Steps I through 5 of this algorithm compute the effective capacities for each arc in the network

The ratnis formtd in Step 6 provide a measure of the interdiction obtained per unit of resouree cx-
pended. Naturally, as toe. wishs to maximize this interdiction, the largest ratio is chose - The upper

-- =bound for not selecting this arc would he the product of the next highe-t ratio and the avnlable resource.
plus the interdiction obtained to that sage. Steps 10-12 are conce d with searching hack up the de-

cision tree. and branching fim all nodes whose upper bound is greater than the current maximal

interdiction. Dynamic programming could also have been utilized to solv this problem.
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V. NUMERICA-L EX.AMPLE
To illustrate the computations consider- the following numerical example. Suppose a field com-

mander is en-tagrd on thrre battlefields b) a-, enemy who supplies his forces from four depots-. The

enemsy transportation is shon In Figure '.i~itiaflv'720 truckods pe a fsplies can he dAiee

FIGURE i. The initial network

through this netwot The capacities of the routes in truckloads of material per day and the expected
aircraft losse are given in Table 1. Fifee aircraft are available to attack the supply systemi.

TABLE 'a. Network Con guair Data

Ar t tscu OCwo to o U -ta as t

60 1 14 M
IV 4 =1 5

3 9 0 __ 1

= = o 3 I fI- 4
A 0 9 4o

IO4 21 i

II 80 4 54 ED
W j 604 S5 1f 61M

Ther decision tree witch istrates the teps nerdej to Swolte this problem isshwn in Figure 2

u~in~,. A

Ftcun 2 Drvi#n tree depicting pnol rwilo
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(0. 1) HYPERBOLIC PROGRAM1MING PROBLEMS*
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PAR I -THE UINCONSTRAINED PROBLEM

1. 1 Statenrunt of the problem
t Th pinirm f 1011 birdsk grmmmu vonz"I af miin4_ng the functioan

.3 -M-j.

> 0

we sall suv>
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auir U U-tsrU

funtia FUI at t- Ma Wj- F-i 1-- = w) I l a.1 rfwaH

~~a 3-e 4asi refrin h utr ozwher iti nd.=spnd

t-9 hal uw 5. >0

gUsi= i A xniunrrd we . Le...anhe gunenon FtX! 31!d-n- a .3'a miimm hrnan! XTh

tumii.-'nFthe alvtas inezis ifrmn altjunth(.-.=.)Sornjcer --

AW-iHUH 1:LetN drc-oe te mn rf intl-It1 2dd Ta nd Wn I h.ea a r- taio N

ruruht 5='. Iz-fi= inqufrFP 4- * 1WU~

9- 41 r 2

Tle pr nf a r e U=1s andn pa it.

- 12 Te algoi

=~~~~~ Usn hi hormw Nii-narhmnk1mfit :04~& n~n~ ysain

- ja-i nce he R".ifann UL



HIMBU- PROcB(AMMUNC -49

We sill deniunstrate that :he wecir X obtained with this afnnwiibrn 6 the "ptimal soludon for

the 10. It' hrprbAai prtia-nwminr tauldrrn. etr% Sirms ifusirnie dralpiridnn with the folliwinz-

vlafijar t hat is akic presented in I1

II lie minhnire the fmau Fix:==.. riE wherei the firuatsiab are ikr'z in Taw-L

TABLE I

It i

- - - I - = ~4

416 v.,piit! stepp

-8= cA 316 v-JaIep 4

am Kb= i nd 112..3)

cI =3

4.1 {34. and e -b56I

9n-rras terate4:9 b V rintins h a wtfn'n ntels 1 n 1

A_ t=13.41 L~and aj&W620It
Teata Kouin =6- Mhrd
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saisiied- This dues not gi, . in general. the optimal solution. Consider the following counterexample

b,, 2 b, 5Ii
We want to) ninindkze

Whiere aiXj+ (12X: > . 1h so ui ni(O a d n t (I O

it is ceilv seen thatth iftoifADnnt0.)
THEOREM 3: If the veetor X*= (x- xj minimizes (4) with res1pect to the constraints 17).

and if I is a ,et of integers such that

).'=R iJcv.I

-~~~ thenxO AI

IfI)

PROOF: Let us supposze th contrary, that is

>[7o one 1

r~ hen by Letmma 1 we have

-;aue the vectior (4 * x, - A it satisfies the constraints (7) and henre X* iQ not

tfl %rctor mninimizing (4). a ctintradiction.
The solutions of the constrained and uncoizstraitid proeleas are related as flo~

C9ROLLARY 3.1: Lct us denote by X" the vector that minitnizes j4) and has lte smallest Itosibhe
number of non null variables and denotc by V a vector that minimizes (4)-aud satisfirs the set of
conmtraintsMj. Then X' - X -This iollows directly fromi the last theorem.

COROLLARY 3.2: Let uS denote-by X! the vwettr which minimizes v-11 and has the largest possible

number of non null variables. If this vecitir dves not satisfyv the set oif c-omntraints 4'7) then X . X'.
This corollary -taits iat if ino solutions tot problem I sati'~y the cons4traints 12). X* h. as .,ona null
variables all the non niull variables f' X1 and others in adiion. This leads us tip cousider the following~
jirubleni which is that of minimizing:Z.

at, + ax

18)
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{9) a.,hi. < rlb i= 1. 2 . M.

(10) r0. b, > 0.

and subject to the new set of constraints deduced in an obvious way from the old ones

(1) gx ... x.) >G,

gi.(x,. X-) > (.

This problem is referred as problem 3 and we denote by (x*, x: .. ., *) a vector which minimizes
(8) and satisfies the set of constraints (11). this with the smallest rpossible number of non-null variables.

Let I be a subset of the set of integers M= 11.2 ... ml. where

= if ieI

xO otherwise.

the, we have Theorem 4.
THEOREM 4: The tector , ... x* ) and the set I described above must satisfy the two fol-

hwing properties. -

02) 4 1

and

(13) If the integerjd is such that "jiy= max (Ia/ib,)

then .. .f . x..x-) does not satisfy the constraints (11).

PROOF: 12) is a transcription of Theorem 3- We need only t- prove that (131 holds.
By Lemma I and sincenA,4, < qjb. we have

F(X*) <&.and

thus i;,... .. x,;iF(4 .. ,x

If (13) does not hold. i.e.. if fvt. .r xvi satisfies :hr constraints (1i. then we either have

a better solution than the one gwivl by X* Or at least one solution with a smaller number of non null

variables. In both eases a contradiction Itsults.
We nmw describe an aIgorithm wl.'.- gives a solution to the hyperlmiic programming problem

with tie vonstraints given in 11).
We Shall describe the information nevdrd at each stage of the algorithm and the procedere to up

date this infoirmation from one stage to the other.
ALGORITIM 1: At the kiti stage- the algorithm generates a vectorX = (.x. x..... .. whitch

minimize'i f8t in the rlass of vectors that satisfy 01d1 and that hate at mo.st . - I no n ulls vaiablies. It



HIYPERBOLIC t'ROGRAMINt; 55Ialso generates a s et C'E of Ve4torsM defined ot follows:

X- (x. x.a)eC- if. and only if.

HF(X) folr all such that x;j0i~~~ ~~ -jLF !-)

To ad-vanlce fham stage k to stage k- -I one proeeds as follow,-:

S-set Xk- I'=X t,

Foread veior~t romtheeLaY4') of vccsrX t~.. ~ it 61e Jolin- properties

Si. -- i=Ief

%F(X) foirM!l i such int %-=O

-1 -c et u~ane
Ct U {Vl-VeJU*')and XYdims uo stiyil-

-If rmin -FU, )CHX1't) Whtere

Ct.,r ~ t Ys(X')an4Xtisfles l)

set -XL- I it here X*5 is a vrfler jin CkM such that F(X t ) m rin F(,X).

ife Ai- = 4Se X,'* and Atop. Ani optimal solution is reached.

* tsu'I werX(i. I-an4--2OA- .0)

this trisxtestle 4escription oftb-tialgorithm.
THEOREM 5: If :1w% procerdure. stops- at step k- + I then X," is the vector which minimizes M8

and satisfies 1II). This with the smallest posbenumber of non-null variables.
PROOF: Let X' bir the tecuar which mfiimizes M8 subjectl tI-at and hasi the Smslles, possible

rurnbvr. -ay r. -in non-nullivssiables-
hsij tw the integer such th at

xY 960 and~~ 2  for alli 5i - iat x$t

By Theorem 4.x, - -- x D)does notsatisfy (5). also i. . xihj- non
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null variables and we know that F(x* . .... *) F(1 F where X' is any vectorthat has at most r- I non-null variables and satisiies t v).
Also it is easily seen that
Fxr 

l) k fL frallksuch thatxk=Oand kj.
bkkHence the vector x .. x,*) is in C, and at stage r- I the vector X- will take the valueX*.If the pnicedwstopsat i we rcc.-gpze that XL e - which pro-s the theorer-The solution of p-roblem 2 can be obtained by solving first problem 1 and obtaining Xh as theoptimal solution of the-uncons;rained (0. 1) hyperblic prgramming. If a" do s not Xatisfy the co-

straints (7) we reduce the original problem to the problem 3 and use algorithm 11. An equivalent andfaster procedure would be to start the algorithm I at stage s- I where s is the number A non-nullvariables ofXO and t, set c, X3 andX ( t ...I ).
EXAMPLE: This is the continuation of tile first example. We want now to minimize the function

i|I|
I,

ba±X b;x,

with the restriction
UZI) ae+ 2 a,Xj >t.

The solution to the unconqrained problem is

XO= (0, 0. 1. 1, 0. 0. 0. 0. 1. 0. 01.
*1ts vector does not satisfv the constraint (121 From Corollr-t 39 we knowththesiin te
constrained problea 

that theut of the

The/algorithm start- at stage 4. where C, and X are defined a follows:4MAGE 4

C, = {X) (00110000100)
STAGE 5:

i(001100101100)

f(01100010)

1 (OO DOIO=¥,

L(01I 10000101) = Y.

XP M (001010)- F(X) =0444

.(01000)=t

.0 I0 I00r( -! = .4
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ST-AG E 6:-

LW(Y) = (01110000101)

L LY2) = (00110001101o)

L ) (0110000101)

ca= 011(001001101)

I ~ ~~~STAGE 7 '(01010) (C02

F -=

The sclution ks then (001 10001101) =P* with F(XY)=0.4-W.
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APPLICATION OF THE GUAM ThCHINIQUE TO A PRODUCIONlb PUNNING PROBLEMS

I;J- P- Evas tI and F. J- Could 'It

crp~nij~~d j n MihrrityW.Mt Cara-c Wirt frtlpan .*n ira'r

Abstract

wukim-tazn Wibl prdnd p.Imwintnf- 1 bwnpMrm whirb tr-tr dj~iqinujawjn AS
the fir!"Clfy ckirl~y. Sct-Al jn-qwfrs 4 ibc CLI trbhnlqu awe dcn.iped fim. di

= dr~s4 pddrnsand fr.-m Ib~=jqcisan uvhmintid.Tepmbo rt

dwtm~ qnroh fmf iarxy-d-rVtedG p-r-v i4=

-- This- paper coIntinues and extends the type of inte-4igation rtport--d in an earlier paperl14l d-raling
wihapiati.-o .enenizd LagmrrMultipliersto aclass of productio plannn roblems which
inAv fieddarges in the form of setup times and cosits., The method o eeaie Lguf

Muhtipliers wisdeveloped hiverett [,51 for the general mathematical pr-gramming prm-.m

ma (X)-

where I) is som~e subse-,t mf R-io which -ansjI 1... a.aera value-31.Thprnil part of the

where F is the Larranpian.

F(L- A)=ix) -~a)

and the multiplier values Ak. are fixed and nonntgativc. Everett proved that if x' maimizes Rfi At

over the set D-. then r' is optimal in problem (I') modified by replacing th vau of & it Ax
j I. . . -. In order- to solve .1P; for a specific b. it is easily shown to be sufficient [2b. 16J to find

a hA- 0. and an x* which muaxdime flx. A I oewEL- such that gjx'-Wk adA5 ru t -, 0

In this paper we consider a single perio. multiproduct production planning model. for which
we develoip a procedure for obtaining a set of multipliers. A7. for which under -r. nu conditions the

*Gradnn i"J. Businm- -Admjnmn~u~ Uwirnsy of Nan Caurina a: t1.Va 11W.

Wmfl pp Mint
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aL-biv optimalui ronditions art satisfird. The nwdel is related to but different from the mw investigated

in 161 A general alwnthm is des ribed and a specific case involving quadratic cost functions is explored
in detail

In the general model thi objective i pofit maximization, unit revenue is rontant, and even-

:hing produced can be sold. A constam production rate is assumed. each pirduct produced requIrs
a setup time. and the total time available is imted. We asume tb rosj incurred in producing a

product can be exrsed as a (unctitan of only the total time (setup plus prrdutoni allocated to

that product and that the cost of time allocated is dren bw a convex increasing function. This nfiet
be jutwified hy an asosumption that prices f azrergate inpts tincluding pussibly labor, raw materials.

facilities- etc.! are increasing.
F-ireach product i= ... K. let
xf tot al production hours. cxacling seiup time.
IL== Vevenlue per production honrj{> O0,

£= .Ctup time '> 0).
C- QE= a striczhy convex function. defined for all f. nonnegativ and increasing for E 0: C0 ) ist he

F et-~~cst of aloatrg a tot-A of k hours to pr-oduct i- Wit shal! assm C10O) 0, O. is twice Coal-in-
nuydiffermfiable, and C'j(xi) ubad

L-IL f _
w- a constant iing the total number of hors availble.

The problem is then

1111 max M I ....

i.AjA*k~7

'I... i x- 1 . . W

Siner this version of the rnodel ontalsionl one c omst raint we will need onlyone Lzgrange multipllr.A-

2. MAXIMIZING THE LAGRkNGIAN

At this point we wish to emphy a n ode gnracy assumption that for each i. if product i were the

omly product in the problem. then it would he proitabhe to produece that product up tw -me positive

C (SL )- r' tC )x

Fn~I IN
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level Thai- is. for at least one value M4x. > 0 we have

RM - Cixi tN > L

By the fat that C; V. a conrex strictly increasing function with value zem at the origin. it follows thai
the aboive nnudep-rarirym assumpnon implies it> CiM.._ i= 1.. K_ TI&- situation IS exhibhited

in Figure 1. Aramn Which is is a pparrnt t hatif Ri were not mreat er thanc(Si. zh-en x-- Cj;t-S;) <0

for each xi >O.V
For tir problem under consideration the Lagrangias function is. given by

flx. A) =~ [(it5  A:'x jCx4 StxJS -A-A(x;J.

The rule Ir f-axiizn th, fucinaedrvdi h pedx 4aSie - .l-W1A denote
thev pruCtinu plans whiich maximize the L-ag-rungan. Fuorz, _ .. K+t

I R -Az -S;. if 0s A< AL:

±1;; x7A) onred&-AOif.XWAJ

10 ifA>A..

where- A4 i the uniqlue zero of the function

up the uj~ intra -0. R;--C(,' I- Fr the time being there is n- need to t-inuisn 1,ewecn the

= r'ssilk ahternaive rakes of X71-Al- far the --ie A =A

3. CONSTRA IN -AS-T A-D OBJECIWVE FUNCTON PROPERTES
In this section w;e v nsider the Jew in the production timne constraint of us-ing a prodluction Plan

frot ~1t hic .nwinirr th Lanogan.Define;

TW~ is- then thie arxrpze time aflucated to production and setup by the plan xaA). Because of the
mxistene -4 alt ernative opnt iaI nit2_1t T(ApI is rnnh ipe-valued for siner valtues- ifA.t I"1n this case t he

Srndj so A i) will he red to represenut any m onef tht possi-ble tines. Dlisriiznin anmgn these
Multiple values Will he provide agg the developmentts mrluire.

Th'r arwr. & 4.4K>Cc CASi . 4-mwrdi. =wnr2lt 4 fsbm..t firrKt. - CiAZ. - a W-n.ar Vfrrimw ar hate

t init, r-j&~n itn. r i 4'-a m a C~ ~ c The a~n C(- nXtn
p~ der. 6ro J~4 m ke -4 dr MAtIIImU_ - Cm

Isr ~- 4 -- ~ r = &A ai~. I-A -. A
4 

abnr jj-_ ofl f thtbd2.
4bA t if tnr 26i- t AT- _,ari& 1- pwr mm 1 -M AMA" n .4 dW rn
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PROPERTY L: If T(A) > 0 and A! > A. then T(A1 < T(AL

PROOF:- If T'A. > 0. then x__t(A_>O fair at leas one i- If x(A'#> 0. M1lm impheA5 . and

a) If A <A'- A-. then 4A)Cr(Jethrbcuexi rp urn r easrx a

increasin-- function of its argument.

bu If Ac <A'. 4(A'1 0.
PRO PERTY 2: F4 A sufficiently Lar-r.. T(APk.-O

1p ~ PROOF: If A> m jAi : iI. K.xf-AI=.=11.. K.

PROPERTY 3: LnA X>Uhew-fixed awltleijthe aprmutaiun ofthewintegrrs 1.K sch

thatnA Fur crtuirnienre ih will hre afsumed that these inequaitiCS_ -can he
tknar stie'. Also define un 0- Then

1) For Aruz:aAknum/ 1. K. Tt i is a Sinide valued enontinumm. strictly denrvaiing
function.

2I At A=Acm.. I 1 K. Ti has a discrete jump 4teaontrfRu-Ani)
-3i For A> A ,.=T JL 0.IPROOF: GCondusin 3) is a resiatement 4f Pnupenry 2. Now consider part I L. and let A be any paint

in one 41-he open itervals (A,~.A-g) 1= 1....K. Since XC <Artg it filisws from (2.1- that for

forii.- K. _ _

whereas f'awi= 1.. .11.X± ifhn xEA isto vained.*and

A K

-As A raxir- on the wopen interval from Art, _, tt .., T() is strictly decasing and cotninunus. le-

cause racet ol the funeiinns ri 19 -icraginga and continuous in its anurt. lis establishes

ennelimwiat I L

Now menuidr the easc An 0= ewo some k......14 Bv C 11 eithter 4.4A)0 orw4SAk)

MW.Jk.-An Sr however. we need nma be encned athis point, with the precise value of T
at A=A 1 l =. Rather. we fitcus on finits of T asz A aptwacles A... fnrm either sd.In particular- as A

appina2Cizes A-,, frm- b4C' we have

lim 4..4Al = c~r~r r)S

= and thus

jim Tt A)Xrm(1CRmw t1:

it" dhe other hand -sA approaches 4.ifrom zhanr we hat-c x! W-0r for A > Ar.and

M21. lint T(A1 -==I
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rwheire -I%\) denotrs macfntonmic roorergence from belaw fabre-L Equations (3d- and 1329- impl~yr that Ti = I has a dim-eejump at A__kby the amirunt r_. JG~s,-A-1-completing the prn4f

These pres 4fT are ontrayr on t Figure-', wherr the T v~alues at the poinisiA are unspecfie&.

Ic~al (R,~ aj x

-AA

Z(0) 'NO-) w*(2) '(K-IL) r(KI

r (Oi the basis 4 Propeuir 3. tlie main portion of an alparithm for the oriu-Al problem in (1.1! and

vjI' can 11e Stated rrea ik from ten to sopme rakte A such that Till =w if pin-sibW Then the

as--oiiate$ pronductimn plan is an optimal s olution. This follows, fromn the propertie-S 4the Generalized
Lap g Multiplier technique pnnr h Eve"t (SJ. If this. procechur Pis mat pozsible. then wc is said

to be in a njtp This mneans their is_ an kef .. KAL such that wh en A'kg each ofithe poss&iri
talesoT;A) is R rr w w>rw-but forirbv>0- TA- e) >rwandl(A _1e sr-.Werain

this ra-r _*ms.trnnt lower and uapper bounds om the olptimum s-olutinm and thereby funher refine The
alzrnirinniffor tle case ulten x faills in a rap.

Sap- e ifor - aa-Ar 4f rnrar that the nrnama-s are numbered int increasing order id the

ratueski. i-=- e.. . <r A:- . <A 11w hvwin- nsuhI will hlo interest.

PROPERTfl4- Snw.rA= X tor wm. I -- I -_k_

SI rW=V q Lf"th optmal jwoduclinu plan is

A rR-~-, i1K.

l'IMF: TIw routn lmn froims (re fmnz fatwhat b--th pblan maximize the Lanranan foir

plan ut bLiow tm! sanmeume the prns-rnir-s of the GUMI techni*e
For the eac r w <cC we will use the results #Q- Prnucrri 4 ir. dewrkip !awe- and upper haunds!

on :1w- optimual value 4f the rbeMIe -function. Dfleuer ) maximum profit aunainabir for mrcsourrw=
Irwri1 mu 'sigure 3 L Wi- haie frain- Ptnpntty 4 that
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1 '* A
IVIP1t - -

tha ISx

Fat &~r.a

Fry sulhtsu in 61 i fal's tha the funin lii- hand aF inthr suppor-&itcm e seAn, at m n

-- By subItwin e inshel tortefine thoe nequalar s. un in e Z eu= it -n K es: a

R~- C tx- Sj. f i)

and ihkm thate two (A -pper csir in >30. Pgi ai eulym-v ti th pe bom&m M"Al foe riin, at

Thuse P. is sut aogibto tvgiralueIcu--C - rci gahmac in x. thduie- a ndrn C,-'.) t i y the me u-

bi eu!totegruwino rduii ti clea r awa In apprahswnfo h ut.P
proadrs ~ T th6ii 44:.Aso u ;>.i s wil nr ihauiqegoa aiisa



drrenrav innjin o _2 V-o not- tFhut P3'X 1  0 U tir 0< x i; and heart P, L6 mca-!
ing, in the ranw (0. iwth a unique zero in this inerval. -ayra Ar. !.wu ffr nwrt i t u make a voan.1e
ecmtnInbution to total profit- mcle than 4 bonimus I e alocated to actual tniduntion trxCLadxat- scup-

rK

Xr -A>(t-L '.

mnnduXct 1C In this vas. if we gel ,- =r-Sz,- ---. we 11an mine the Profit Won i ii osrp P 4Iand still mamin fvxAsilce. Note that Pfxnf) > 0 b-caumse

mcf4< ic-) th ott- &) -c i

Th I oe ti. i henpocuj al ;4. for w9-4- tLr < it. and fltthe pouzt ~n

the number MW) + PfineA lwr oUnanlwaLtia u-qi
show-- thtsu sbmAir~m

PR a uppose wm- in a n-p which twewu at and sr- e- <C

P111Ma: Emloiu _34 wi- bier

some fixd d",= 1m 
r u

'AAnx

p (U
'AL..

(39)ro - -

T,- t---n(-ie
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ink A more complete attempt to resolve gaps, is possible: however. it would. in general. require com-
binadtorial teeltniquies which Ila v-so far lien~ avoided by tie use of* Generalized Lagrange Multipliers.

WP The fact that a solution via' GLM Pietliod- cimnot bie guaranteed for each iv is offset by the important
fact that a great deal -if paramtetric' inforniation is rzidily available about the influence of various values

L of tv tin tlie optinmu~n value of the of *eciivPe function. In partieular. :et us refer to Figure- 2. n th first

step of optimality analysis, thit zhalyst should compute-the A' values of ii. Recall that these are the
points at which the T-fictioii is double valued ind for each i the two Tvalues specify a gap in the ri Wit-
hand side. By -romfititing the two T' valnes as3sociated with each ii one canl immediately identify those
values of ii- which fall in gapus. Also. the optimal product mix can be detuerei without further computa-
tion for any value of rv not in a gap. For such values an optimal plan c-an he computed by the algorithm
below. For thosu values (if iv which do lie in t gali. it is often the case that in actual problems there is
stime latitude in the spe-cification of Juriht-hand side. In this-case it may therefore be poss ile for
the analyst lagain wanti referenice to Figure 2) to specify anl acceptable value of the right-hand side
which dues not lie in-a gap- and hence fir which an optimal plan i'~an be computed-

We can summtarze olr propostid algorithm as follOWS:
II 'arting with- A=0) increase X until wt! reach Ain A IA ~}
-2 If T(A*) = t. stop; we have an optimaLsolution- Otherwise continue.-

3) T(X*) <tr. To iliprove the solution- determn ti e prout .fr hc f and tolipute wa

w a ekned -in Projierty 4.
a- if're< ir-~ s toop'use the plan for tc P, as an approximate solution.

~~ - btI~w~s w't-~4 S,. so 'e -)1 A lliatd auxiliarv problem. (3.10), (3.11)L (3.1)b idn h
X,4, of Proju rlv 6. LUs.e the resultig plan -as an approximaetion.

4. A N E X t1AM L-THIE QUADRATIC CASE
lIn this seetiirn we wisi o-i apply the preceding developments to a small example in which the cost

functions Ls)are all quadratic and t-if the foxrn

C;C+i~a (xi+ So)' Px+S

whreaL>. e il dmostat te alulation tif the critical values i; and the use of the algo-
rithai to obtain pirtOuction plas,~ for a range of resource values-. Consider product- with the fullouiiig
data:

9 405 15 1 _

-= For the quadratic' case_. we have

C (xi +Si) a; rj + J,+i)
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thus

r c'r)-* -Si.

LI

Now we consider the determination if the critic-al numbersA; We have from Equation (A.2) of the
appendix

Gi xi, k)h (i- ) C;S A jx- SO i±S -j- C,:J;!P- AS).

By definition. Ai is tie value of A such that Gi has a maximum value of 0. which implies that the equa.

tion ((x;. A,) = 0 has exactly one real root. The value of A for which this occurs can be determin d by

setting the discriminant of this quadratic equation to zero and solving for A. Thus we seek a solution to

the following equation in X:

(4.1) (RI-a-PS;-A--i ,. ,S2+ =0.

-The roots are

It is easy to show that

(4.2)As4a-VIPi

and that if R'-C(S -R-(s+$ ->O, then A.>o: see the lemma-inil-e appendix. For the

data tabulated abo, ve, we get the following

I 1.75- 922

1) 3.2 175_____

Also included in the above table are the minimum profitable production quantities x,; these quantities

5- are eb'ained -by solving the equations

- P,(xj)=Rxj - a(x.+S )--j +-

for each i: the roots are

and x~R-a,-psS,± V(Rr-a,)t--2RP oo).

and z is the smaller of the two roots.
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With the values of Xi determined. we consider now the problem of obtaining maximum profit for
a given availability of time. iv.

0< A <A,- 1.75:

(4-31 x1=9--\ x!*=1I1.5--.53,

Thus TO) 33.5-1.SA forO< AC 1.75. Hence at A=A,. we have zD=30875. and w=&625, where
i cis computed by setting x =0 and x2= 11.5-- A,. So for 30.875 < w < 33.5. the optimal solution is
obtained by finding A. 0 < A < 1.75. such that the x* from (4.3) satisfy

x +x+ +13=w.

(4-4) X * -0; x* 11.5 - .5A.

Thus T(.)=ti95-5A for 1.75<X<3.25: at -X. we have f=17a.875 and w=0. Hence for

I7.875 < w < 18-625. the-optimal solution is obtained by finding A, 1.75 <A< 3-25. such that x* from
(4:4) satisfy x*'+8--w.

Now consider the gap in T(A) which occurs at .= 1.75 We can compute two-points of the function

Mftnamely

M(A7) Mt30.875) =80.98

M(-w) M M(18.625) 59.48.

Now, using the results iii Equations (3.3) and A.4L we construct the following upper bound on M(w)
for 18.625 < w < 30.875:

Mf(wl < 59.48+ 1.75(w-18.625).

We know that the minimum profitable production of product I requires 7.22 productior ,.us setup)
time units, thus suppose 25.845 < w< 30.875: for definiteness assume w28.625. Tb is using (3.4)

and the discussion following (3.6i we have

(4-5) 74.48 11(28.625) 5 76.9&

Now by employing the results of Property 6 and the auxiliary problem in (3.I0L t3.1), and t3-12) we can
refine the lower bound. Solving theauxiliary problem via Equation (3.13) yields the following resuhs:

A=3.25: x=5.75; x*= 9 . 7 5

P(xt,) + P(xJ) = 75.3.

Clearly the profit exceeds out lower bound in (4.7): in fact it can be shown that this production plan is
optimal for w=28.625.

Finally let us briefly consider the gap in ThA) which occurs at A = 3.21. We have T(3.25) = 1775.
whereas the minimum profitable production gif prIduct 2 requires only 1.75i total hours. For
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1 175 <'iv < 17.875. the approach suggested in 3.13) would yield a solution such that X2=w-8. For
it < 11.75 the discussion of section 3 suggests no detailed remedy: however for this example it is clear
that product I can be produced profitably provided only that w > 7.22.

5. CONCLUSION

In the foregoinag discussion we have developed and demonstrated an application of the Generalized

Lagrange Multiplier technique to a certain type of production planning problem. Particular attention
has been devoted to the issue of resolving gaps in the function T(A). Nrcomplete solution was provided
for these situations: however, useful hounds have been constructed and a procedure for refining these
bounds was proposed. The primary goal of this paper and its companion 12] has been to exploit thF
analytic (i.e.. non-combinatoria) nature of algorithms based on the Generalized Lagrange Multiplier

technique.
An important property of the model in (I.1) and (1.2i is the fact that the critical values of the

Lagrange Multiplier. the Ai. i= I ..... K. can. in principle, be calculated directly.? In fact in the
quadratic ease. a simple closed form expression was provided for ii in Equation (4.21. The method for
exploiting this information was discussed in detail in Section 4. Furthermore. for the quadratic case.
sinceC-() is linear, its inverse cd-) is likewise linear. This fat can be explited in planning computa-

tions for the quadratic case.
Several pus-iile extensins of thits model and the J.irithun are rezifi" apparent In particular a

collection of ine or more material c nstraints might be added: the current model assumes that any

time-feasible model is also material-feasible. Other ex!ensions include overtime andlor subcontracting
alternatives. The ndel in 141 is of the latter type.

Apindix

MAXIMIZING THE LAGRANCIAN

A

The Lag ranian. F(x. A i is Miven by T' FAx,. A). where F, :R - x R -- R. t denoting the wn-
neaatii% - reals, and

Fii% A) i8 -x- CQx; +of(xjS -hAlx-Is-

For fix ed A 0. it is required io find the values of x(A.) which maximize Fix. A) over -A- 0. Since the
lU',angian is stparable in the x; variahhN, it suiffices. fn-r fixed A. to find the values of .xf() which
maximize Fi(.. X over x; _ 0 for i I..... K.

For each i. i= i..... K. it will he convenient to define the auxiliarv function G,: R X R R as

The properties of G, till he relevant to the maximization of F. becausc of the fillowing relation

IA.-3I Fi .;. Al- (fGA1 ;. t; x > 00 ~0.
t 0 .t= iO.
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We now c-nsider the following posible ranges of A values and derive the optimal plan x<(A)
for A in each range.

CASE :A H -C (S). Recall that R-C(Si) >0 by the nondegeneracy assumption of section 2.

CASE 2: 0 A < R-C'(S.

Case1: A -- RK- C('S;)

In this case it will he shown that Gix-. A) < 0 for eveny xi > 0 and ntence from (3). it follows
that x.(A) = 0. The proof follows from the concavity (in x;) ofGi(xi. A). which implies

Go(. A) % Ct0. ) G;tO 10-A)x -A;) -ASi+ [k-A-c; sJ I.
which is negative for all x; > 0 if x - R;- cj'(S;). We thus have shown

tAA) AR 1 (S,)4nA)=! 1.x0.

Case 2: O0% A < Ri-C'(S,)

In this case we first observe that G;(xI. A i assumes a unique global maximum at f6(A)=(R- -S.
where ci is the inverse function of r'. Tie reasoning is as follows- In section 1 it was assumed that
C;(fl is a strictly convex function defined for a1i1. nonnegaiive and increasing fort 0. Also.CAJ0O.SC us twice continuously differentiable, and C(x) is unbounded. It is thus apparent from (A- that,
for fixed X. Q, (x A) is strictly concave in x,. To find a unique global maximum of C(Xi. A) it is necessary

and sufficient to find a solution to the equation
d. G(xi. A) = 0

%here A is fixed andx; is the variable.

It is titus required to solve

_K: R,- A Ci' &,- SA
ki '. -.ns nW

-- Recall the Case'1 a-'umption that the range of xis AC k<-C$;t This implks R-A>CS-)

Since c: is unbounded and strictly increasing ifrom the strict convexity 4 C;) it follows that drer

exisls anx; such that AS) holds. Using the property of the inive:se funtion. c;. we have

- It-AX C;(x+s4 @ c,(k-AJ =cw(C{x- iS+ % t&-Q(R:- ) 1-,o+Si.

That is. for each fixed A. 0--- A< R;-C S... jx... A) has a unique glohal maximum at the point

Nine that the Case 2 assumption that O i<R,-C (S. nphs R,--A >C,j which implies
c;r A) >S, which implies6 _sA; > 0. We can titus rneltie rm "3) that if (Eglif ). ) >0.

x t tA' =4A): if GASAX). Al <O. x(A)=0. and ifGAC A(At ' -0. xt (A) can he taken as either
Sior zero.

:- Nw we show the existence of a A; in thr apen interval -(L R C(S) -with the properties
+ (i1 GAEAA(). A) >0 if0 < A < .

(ii) Ga.dia), i,)=0.

(iii) Gi(#A). A) < 0 if X, < ) < R-Ci(Si).
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Observe that the interval (0. R -4 (.S )) is well defined since the nondegeneracy assumption implies
that R4--C;(S,) >0. In case tit above- it then follows that

(A.6) 0< X i <=4x7() =E(A)=c(Ri-A) -Sj.

In case (ii) above, i. follows that

MA) A A.4 )=ourx4(A) E416;) rl;A)-.

ie.. altemative optima exist. In case lii) above, it folews from (A.3) that

(A.8) A< AC

For the case A=U. the nondegeneracy awsumption implies GC(O). 0>0. and hence

<tO) =( {0) =ctR)-S.;. Combining tAAi. (A.6). (A.7). (A. with the case for A=O. the following
rule has been established for pilieizng Fi(x,. A):

fcisRi-A) - Si. ifi C A < A5

x 0 .norcr:R±-A) 5f if A=A;

= ~AIr- ) S. ndfrA00. R SiJfin th fucinH>kAALA

ihis is Equation co in te in body S the exposition.

We now )sent the lem na whrMh drees the eience of e nuberiw alludeu to in the above
- remarks.-

- LEMMA: As.€suming II-C' Z) > 0. there is a X, in the o-wn "Ife-rrwi (0, R,-C'(t) sudch t

the aho-tr relations tiL (iil. and Git) ar-7 valid.

PROOF: Let 6 A-) --"ci (_Au- AL) - Si and for Ad [0 R, -C € '( )]define the function H kw=GA{ -A

It is Clear that H! iA) is Convinuous, since it is the composite of coiatinuous functions. Also

Hd0)=Gi(0)(. 0)'->0. by the nomneracy a.sumption. and H(Rf-C' (S-_F)=-CiSJ) -0.

Then by the continuity of HI. there is a number ig*:. Ri-C. S-. - such that

I.JtAJ04.ICIA.) AA.-

which proves fiit. In order to provT i) aMn-] ill. ii is only neresarv to demonstrate that Hi(A,) is a de-
creasing funcon for Ae(0. R-C(SJS). Let 0 < ' A 2 < R;-C,(S). and (A') =cR-AI) -5,,

VL 1. Then we have

fl{k') = (R,-A ')$AA') -C,(,(A'J +S,)-"-A:5.

> (H.- A') ,1W: - C,{_E6(-. 4 - -S.

> (ft- All) -Ci(f l +kS) - c 5 (

The first irwtquality fllo ws f rom the fact that EdA , ) is the un~que value oft x that maximi G;(x,. A').
The second incquality is due to the fact that ; < r- and fiA >0. j I. 2. Th.is establishes the

tonicity of i and mpipLolrs the pmrnfdlr iemma.
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I- SEQUENCING MANY JOBS ON A MULTI-PURPOSE FACILITY

I jito A. Baanin4

I and
_ %.jii K. [Duna

. up- a tivr -2Z4k4 t u- porv om -A nadu i-punpwoa fnntawk which ha. %wn-

r~nifrpeiiilF *M. Ter tin late .4 -4a3r- ir "%ieh to pmocr, a Wi-I and thr xot .

tr4=.In addai'nt. then.v i alt. a .rum'r-da rhn..e
nt wct ,'l-- 71e pobtem i hen t. -,edgie tb. I,, and tick an -"hrrurn 5flttia

t' ach.1'- ~t -inmi r n ..p-Tinz vo--I ~A tnainie jrn-an-m6n m.dt deired ikac dnxinin an .. pima .ti-m wn the
rws1thrm. Thr ndI- ihbm rdr nua th,- znthnd 4 .4vcrr.q'nr naio- with
a tw. to haxin=zarrz-,.iwotr- arlms. Tlim- iormiin dd.J.M- id stt not mre
431at optimal. ni.a- fLH A. .er-paata ernpuaLain .or- thc &r-t dynannerI~~ flflODUCfON

arranerentof tosesetn-_Tltc'e is a choi-e of stat- in which to pnwrss a lob and the cost of

jsrorcssttg depends ithmaeInadto.teeialoaseunedptkicapoxrnt

Another arcsweeari rqenl ae ih-; type-tIiemi-i ahie Ttial

ibis consists -if a number of machines same of wl.ich err likely tin hr muht-iurpose hntherwise called

peneralpnfluot-rt machine-,. In many real fle sahn hops these muhfi-ptsrpnse machinv-wokqut

indreendenlv 'Af onte anotlwtr. and in tho-se eases it 6- po-.'il'le to break down the -sOnle Problem of
--rhrduling all the mnachin--- jut.' indepe-ndentl sub-prnle each pralnn Inadfent uli

[*nrj.Rne machine. These- suhprtobtlems then Freembl itur ?'elrduhirm modeL

CHARAC TERISTICS OF THE PROBLEM

The 'scquencin47 problemn may be chanacterized by rhe fiadliw'ing as~sumptions:

L LThercarerNgrn ios-r that are tot be priresse.d.

2.There j only one muhfi purpnsre achne ifacility? available and it has 11 different 'sta!& At a

titro time the machine cannot be in fiorr than oine qtr Moreovt-r, a state ran handle onlmy one lob

at a time.

3. A Job is completed -nce i! h-as been proiressed by a single state.

4. Each jinb can lhe pro.er--"ed lv the w3'Isrti in at least one of the satesF and. additionally, it may he

psile ft pn'ess inun than 'ins' 4~ the j4swith a single s-zate.
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.5. All jiabs are cnsidered equal in importance. Thus there are no due dates. priorities- or rush
orders.

6. An operatuin onte started must te completed without interruption.

7. There are only two types of costs:
a% Cr*; Proc--sing east of job i at state . eIf it is infeasible to process job i at state j. the

s nnHll] rc z is used.

ho h= Changeover cost from state p to state q. thn and h, miht have different valurs.|
All casts are assumed to he known without emir.

The objective is to find a solution as a sequernce. 0. of states and an assignment. 4. of jobs to states
which satisfite above as.-umptions and minimizes:

Z= Vc,+3 h,

where the firwt summation is over all pairs 14i J) such that i is assigned to| in A. and the second sum-
mationm is over all pairs tp. q) such that p immeitdiately precv-eds q in ¢Q. ieJ:i. p. qei. wherej ands are
the _- f al given jobs anti states. resywctivelv.

This topimization problem apd variatinmr off it actually ari--4 in many industrial *ituatins. Thit
nitdel a!,,, fits situations that are entirely diffierent. A typical example appear--. below.

ri1E DECOUW TORIS PROBLEM
A decor ator wants to purchase X different articles for meeting his pre.sent cot.-acts. Theft are H

difffi-r,, st,, res situated in M different hcatianre, from which the artice may he bogh. Let h,¢ he the
CN11 of travellng-1 from store p to stair q fnow€ that h, I- Yuj neressarily equal to h.wt and C-- be the
price of article i at store£ -If an article i is rnox available as --trej. the sY J-m l en- is used- The cost
rmarics C, and H,* are ussunted it., he kw.,wn liel~rcand& The pro/blem is to find which mores r

V_ t bc visited. In what -equence. and which artielt or eart -shold be bought in each _" as to minimize

I ~the overall cost resulting from "re-hase and travel
If the -late for each ,tb it. fixed- ii.e., c,,!= x fitr A flot except j=jt'i), where S is -.he sst of all

=-ven states andjit i-- the orely lteasible state where k4) i can be prm-4triLd then the tota r-wrsszn_

iS a travelling salesman problem (sc [2]). Thus U117r problem,. can be thought of as a genrlztion of
the trave||irm: _ sairsman probl em| in which the ,,rder of a state as well as the job l@-4) to he donme in

that .-late must b specified-
Antohr machinre seqem-ing problem re~aved to -1-w travellin= -ale -man ". Am is that Com-

sidred by GIilmore and GCn.ory 1L- There are X .is- to he sw. enued on l air aing
~de-cribed by a single real variable x- F-ach J-ob ha- two as-,,ciated numbris .Ji and A; as its- starting

an d ending stats respet-ively. If ib J fioltws jab 1. ther male o'f the machine mum- then he changed

fv ft. t- . - and the -,,t off this change is c%. Note that in G'Irmme anti (om-m__ /s, problem there is

w,,.de ,,ic f Slat"s f,,r a :iven kth.

SEARCHl FOR OPTMAL SOIMONS
R ursta3l [3] has given a heurisqic :-.lution ftir this pUtrine whieh w,¢Irks reaso nably "Al for the

Sparticular casr where the diffrene in the prodal-ion ti-s icost for a given into in varnus ,xes
are Sma|| e-ompared with the rhangetvct -imems:_- i he. i tuen states- Hurstall propose d a bma.wh-
and-&-und wrlhnique as the search pr-edurc for which Lonmicki 151 1a suggr-,ted a simp- ~o

-m III ill IlIwm
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using Boiolean algebra. Note that none- of thee etlads can guarantee optimal --t-dutieins. Also whe-n the
cosft mpatners are not of the desired type their nirthods nrld st-unon., that are tar fyrm:1w true optinial
millutions- Hlowever. no trace of anyv tither, o 1511i s-cee-ie for th6s proln has been fijijiL

With a View to finding -an exact soalution so, the piroblem %e d evelped a zero-one integer progralm-

ruing iirnnulaxinn. Bus eozinrputaxiisuallv. this app-roach did not -rem to be very usewful. This was lminly

because a large numiwrr of subtaur tconstraintq were necessary- eren for a reasonably small 4-led

problem. Moreover the Comflpute'r time required ito idntifyv an optmal 'olution. was, ii: rent-rat. ouite:
W12h. As mrntiucd abo-ve, this prnbhk-tni resembles a generalized version of the travelling salesman

urblem, for wich it isknopwn that the integer pn'gramting, solations- are not prtiruhirly snitable

121. In their F"imney of sher trareilhng salesmuan problem. Brlbinore and Nemhaw'r2J have reptied that

for prolems... ofd less than ort equal to 13 citiesm theyv would use dynamiic programinig S.- it in, !.rgral

to think. that an appropriate diinamic pro~ramm'snn selrme might be suitable fin s.-iving t---cquenezni'

prolems of at least small dunwnsions. lte 41 lptcted limitations #f a dyn-amic pi-orramming appri~rl

6u*-wualk t de to :tw curse of dimen-iqnalitv. It I-.! be -shown in a later section. flowever.. I.4 WL this

wifllecls1% (-an be surmnnted by using the techinique iot sucWetSwri approximations-

A DYNAMIC PIROGRAMMINC MO1DEL

As!tep wfise dlynamnic progrming formnulation that ob-tains an optimal seotutitn to thepubn.

1L Stage Va7riable- K -Kth choice of job has to be made: K- I jobs4 hare Abrady been pntieesse-d.

K=I :'. 2 -b .n n. stt .s. insaeKV.i .2...'f tfigit

11 State Variables:

imaine it,=D- a finicious mate. :m- hp. 5 Ctri).

ilXE- the jab to be prixcessed at s-tan'* K. x, . I2.-----.

ii)i 4-the machine state tjo be used at stage K- 1'1. 2....1

t- Trarnsition Relations:

D~ Ys=- = YEU 7XA.

5Constraint: adnO- XTr....XAyIf-

6.. Ecanomkc Function: Mlinimnize Z = V X + 1i

where C ot of pwnivcssing joi a; flut--ri

h, chang:e,,-t enst from -mate p to slate q.

7- Rrrrrnre Relation:

fFi 5 .rs Y'Y lini (C-# +Lh- .J +fOvrl

fk (3it- yx) may be de-finrd as she- minimumn scheuling cos-t starting with the machine in machine state

:jx. when the jobs tua harev already been procrsnsed ar known (thrvugh Y'-
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IMPLEMENTING THE MODEL IN A COMPITIER

Tc -,late variable YA may be represented by an N.-dimensi.nal vettor 1 i each element of which

cItw Inds ti a unique ib. Initially. befor any job has been process-. all th- element, of Y as-

made equal to zero. As soon as a job is proct-msed the correspondinm element in I is given a value of

one. Thus yK will he represented by a vector whose K - I elements have a value of one and the remain-

ing N- K + I elements are zero. Note that there are (At,) of such -. tnors. only one of which repre-snts

In order it reduce the cost of storing all these vectors, we represent each vector as a binary number

and store the eoe!m4inding decimal number in lieu of storing the wholi vector. There will be as many

as 2'- I different vectors corres-popding ut2- I posible values of the state variables y.i . 2..
n) when the number of jobs in a problem is v. These vectors may be treated as binary numbers and

represented by the decimal numbers 0. . 2. 2-. Unfortunately. the decimal numbers that

correspond to the possible values of the state variable ty) at stage K are. in general. widely scatred.

This creates- a problem as to how to collect the numbers corresponding it the po s-ible state variables

at a particular stagge. This may however. be done by arranging the decimal numbers in ,uch a way

that the number of ]-s in their binary representations are in non-increasing order. re first (X),1

numbers from highes-t down nwod represent the domain of v%. the foLowing (v 3 numbers would
represent the domain of yx., and so on.

If n =3 the numbers would be arranged in the folowing- wa.

13-p- A I Slate 'aralble Binary Number -n Deciml

i Equitalen;

i, io t 6 ,

2. I i I 4

I - mm I 1 2
if 4

Hi 0 ii I

Thi. ru-I'. 4 ma' hw applied .-. The firt- irlan-Il-.t'nn rlai.n as ndl .- 1 .zue . if th- ith ;-d i

lWf w e ~I na a I its lte- eohmn i of ilk tu'i u. that rrernm A to obtain a two- %r1-r for .. ,

The eqjuivalence Aif this- operatio#n in our rrr-enatm is Aimply to add the number 21' 'to the decimal

reprr-rnPltin -if I, to geti a ait- dr-imal numbwer -hichl will zn.% r.peeikn,.

lIrt< I anilx:3

Then %-1 -z : I - 27 and thebhinary rrn!1nain,011 If the- decimnal mnmber S Jg..

eentmtia lil.t 1 an:3 are iter.
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LIMITATION~S
The aigonthff'i %as teSte 1 on an 1INM 11-4ei 3601(6 and was round :t work well for smal and

medium sized pmradns. Ran-:afl'. f3) illustratit example -i 8 Job.& and 19 mtate-, was solved in lrr_-
fun ~ -19Il CKtnv ha ie reuiremnt fa Ir- t.han 100K b Unitunti u

cimputatioinal lum-aatuon, the azv. of tile dvamir prn'raan brcomes- rerttd to prubhin- having
12 antis -.r less and any practical number f -zaxrs. Nrrrr-bres,.-. %ith the u:se of disc,4 strar it will

be possHil tP- Ihndl probihlean. of UP4 to 15 jolis witl, a reasonable number -if states. Ther dlmnnions

4it mnan; pratis-J, uridem, it-- quoted Iy Burstail from facto.ry renrdsk m-a' be etprt-aed io. bWe a-

,.U.3na1d Smal -'Il an tct-4- optisnal Siiunun =at bie obtained iv the- abote finnutations. In t.zr%

4f thns, the ri--tia 1m i number ofjkd-s de, not agqnrar 1.1 be disurvzurainm!y trin-_eft: Inweaur.

E th feiloin: alternatite solution sc-heme has beern derlo1-ped to tackle problem- with a rater wimmbr

EXTENSION~Sdmnsnajwdl-

In oirder t..o irrme the dmnoaiyifculty we jw*quisr to mbe the meth-Ad 4 successinve

atiir~lmaia.i l- p. 78'- Startin with a knaumr. feasible- '.uution. oine way I-, renploy this approach

a- it- etnid- initially a sulqr.ddlent of se ng xniv p11+dis p# i- a uiably clan-rn number -_ I

w' all the availid state-, and sc-he the ubhlrrAni while ithe remnaining josare kept frierd in the

-44Wduh'. Then ather 5 ulipr.-tbem with aq ekfrent set -ifp-aits 6ebeimen ta. hr solved and the pface-s

c ntnued untI it contrs Thet choiceC 4 the sets 4f P-pd-s may be de in various was a11sing

which two pntsalar nm-- are ra-ishhournimbinatiw.- and -tarhastir 'or randomnnnlntis In

t rrauce the chanteaner edts a-amongth ,iat % mtibe sr4urnee-deprradein.

Details of t1W Method

The detail wokings: of the meth..d f..r an X-J.ob 1l-sate prolem may. now ber sumumarized in the

follwingi step.

1. Generate an initial frzAWil s-dutim.. iflurs-tall'A and LomnieiX,' Merdbaal may ber used for thi-z

2. Cho,.r- a %utb alum- faor 'a. *An alternative is to trw- with different values of p..i

3. Fnrm the initial schridule consider the &isp jolvs amI s-vr the subpildtrm of s-cheduln hs

p 4-- iti all the If taftrS.. Le.. fi" a state fea each of these p jobs- and an q4-imral sequence oat these,'I

71w Th starting and endin sates for tbi5 -ubwnbtlrm 4bvould be found fromn the in-iial st4ution sib-

tatin-A in i I . Tis reprernt tie *step.- ' The ilynamic pa-scramming finrmulatio.n may be u--ed fir

,=olt jug these snbhpiuiilems~i

I. To continue keep the -auv sequem- eand assinmeni tof -tatesi- faar Rip~2)_ ;p - 3 !----
aos betfovr. UseC the aS-ignaent (of a state' to the firs job as drtenirid h%) the prviou- step. and

-1-eu At the newr sutireddm firW the 2n. L 3rd.- tp I iuhouis

i, Continue in this. wat- until all the ii b hate bieen considred in a:t last one 4e the subproblermsn

This- reprcenst I-- mnr lteraaerC- Then calculate the total cost of the schedule thuA obtained. If their

i- any !mniv-c.teren continuse ith ans.'her ier-atiun. otherwiser lush because-. any (n-Rvier iteratiatb

a.!'.~L~ a rttt juin.

A Note on the Svelet in of the Value of p

It has 6t4mn e.%prmuned that. int rc - M t het 4 p.is-tea- !the cowmonabnal tine and eo- r
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rrire. withs an ngnaeemn in the chance if a-alex accurate results. Tirretmore the ebniee ofp

should he made hr trading #4 these faritors. ib. fo 14a reasona!e and quick sonlutio a low value ofIz

be seiidweeshiwier vaiues nfip slurmm he u.sred forf gwng ptecie iolution 1w Fea ki
oshair n a reasumfl atl solutions A revunmenda&ble vaitue '4g. _s A. to hr 4 or 5. Nevertheless . it

re-_Hii aziflexen n h dimensln A'tmProblem beD stilved awl ahiro .:" awvrav =o

Choosing the Starting Sol1ation

1The effiienc. of the- menhod of s--zcessive aptnicimajIionset eA laetan the sewlection itt

- uesarin ol/mrirn. As- it _k -ntP- iL-. in genral- to predfict the best: startinzg f;nuuion. we rernonnuend

- to ral thepopsr saTpnrtuwith diffefrent starting sdi.n& The number iS smaoinx

solutions- l.it be userd for a riven tmMdIe- agin depnd on he eeuar souht

Note that anv feasibl okliwmo ma-! he uctrd as; stariuz inuainsueorapnnfls
technicue thr value of ther chEkttivr funto f1wsatn fhifn h&. no flun Ont. h

final s olution. We have rwnrmendrd Burstalf- ad L-mnniekis meth o rs UrNral 11w 243arti

so ution-Ms only Lwcausr thr are simphe and indrirudent the actual cost- -.alue

Computational Experiencre
A computwer rogram was- written in FORTR uANl 11Id-evel (j and , zwd %ith a niber .4 -=s

and- nuet/nun 'rzed rotn+ = u-r whihu the true opimal 4tamin urre evalumted-sin the- dirc

d.P= approantwp AtHNugh tLh ~i hn roUld nt wirrate fir evac-I o--Ptialsolut__6ioa everY ease.-

the ~iuos n marra!. wrefr within .II precut . 4w tn -v4iinal valerw. orsier it haIeois
-ernl Man CMS 1131ddmr tm artung54 i-uwras. uw the if mehodA tins exat nguma

inlutoin even with a tw-*v L valueit-a 31 of--A thdtpsr =ne ren uaioal t!ime in tus

mucho - "n-rlj levicmared te 1-t to the- direct dp =r:61o F4r ramrdr. QA 1,1:4k IC00statr-
wk~ Flr" a se-d hrthi Ieho -:W U.- sha 2 rn1e,3itu fm h 'ti

sott=-q-a 4%w~irasexactvr -!w saiesowion was- obtai-ga by the wi-tre.* gt14 a- mAn M

114 ercond- tand the hwistit "nhn inn dor 'it 1s.rnir41 and Phti n~ al I ~ -% M_

To* Gfntifre siirt .Jl4 a -IT_ fial nP=- WITn- 12713 ~wst--_ uni n ln

aamplme prolem was_ cuslsic-d with differei tar= .-.-mi' r he re f-u air -him to iTAbeEn

Trn was: mnade on anm :BM 1lAfw 3.5wV6 a-i n eveav ease a -_eo ire .J~a -=

TABULE I. .Srwnrrti/b !i'-rwa. -- n = .an.. SO&

a __ __A

______ I ___ ___ __4

W
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LOCATION OF FACILITIES WITH RECTANGULAR DISTANCES AMONG
I: POINT AND AREA DESTINATIONS*

G. 0. WcsoAowscv

.40aksunr Unirenizy

1 llnmilien. Ontario

amd

It. F. Love

Vniv'tny ff'zzrnnsint

a facton' or w aru s retanuar distne f cititlkaint a nubetr apnnimsfuion tt atua in
traces and aeben use inuw Loctio moel -toe exda Ple:[and thllITet tvac- in hs aeri
a~~~~fe -uia iitdlShimntsf betwlien the factes to be locatearpsil.Thssavrato
of theTunshipet probem- in iear prerain" PrOf %mdl i~dn ne-fcht lw

Coanir oigtn eac destitne an asepaatoint isofen imactcal whe argeon pandeteios k
those~ ~ ~ ~ ~ ~~~~~h iciisaeirlc.Aueuapriatobjist ion sucdrolm einain to be w.2orlyd

ofthued ovber sobm arefor eae : This aproximatio hast benwdi oesivl insa dmret

31 fan faclity esigon a7 Thae inatclsonaof is aproimt (sinmtifaeiliy locdatallos thholetio

fofn vare d patially iclexo soein plntmains2.ad ncmuncto nto

line ditaces:hwever iinc bhe acontex froecnu ata Cgrini of uh srtnoiwlnetwrkof aisesi*i~n

a xiactoway orwaehuse j1 rctn ular* staen often Nairotit %Af Fnazttrapoi. man t atual nwmren

L:T' oe - ths-p



84 U. 0- WESOLOWSKY AND R. F. LOVE
This paper presents a method for the optimal location of one or more facilities among any numlrof destinations. which can be points or areas The areas are restricted to he rectangles with sides parallelto the axes: overlapping is allowed. All distances in the system are rectangular.

2. THE LOCATION OF ONE FACILrn
Before diseus -n the more general case of the location of multiple facilitics a methed foe locatinga single facility is presented. Figure 1 shows an txaxne with five destination points and three destina.tion areas. It is necessary to locate a point (facility) such that-the weighted sum of istancvs in thesystem is minimized.

Let the coordnates of the facility be (x, y):.,Twr# ar#'in lwint *tnaiions loal at {au:'&,). -

it fyrtre ont 4 C "

The loc-aion problem no*. eonsigsofuumhizng :-- _:: : _ -

The weights n - transform distanc :_ into -ots"41h antat = w- ..... cacor of it pe on-. ~ ~~~distance and population density:co L: _ a t t:' €- b r a l f I  a i
Francis made us of the fact that wq_ .Jx,. J ) ssepa-m-ei. n o ~. mnr u voim :]with respect to one variable at. a time. That is, III; ojiti 40 iue. 01r- can-': MWI-_ amw; x -- a.-and the optimmr- ,.', .-of YvanL'__Lj. he -Ma-::- by-';- -" -t

71te function w V!x 1!t ist a agle-n.:--and v: -ad |tw optimu m -va, of x can ob tateby n,;nintiim--

m* 

&-a Xa 

.lil 

+m.m 

esri

Le hecoriatof thex faiit be (xjThov+#,fzhr lati inro- ietn-atin ocateat ia. h

placed in an axist the d tinations- a e ntsi- , - -" - - ran Ae completeli. i U-4- - -It .h convenient to loc-ati- an eoui*tlsn mi-lmsnngf t.t L - Thi can

dstance dola t
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F%-r example, if there are two line desinaions fc,. 4] and [c.d. such flint r c ,. e <d, and

d > 4.. then

Lvi' tx z: d 4 I V UX, -Rv-: dzf .r,
-i (Ur+U-fzx-ziz,.-U-'.x--Is-z dL-:

-i U, fo ZI + tk
E r

I where U = u. -et). and thre non-overiapping lines [r. r.J. [c. drj. and [d. d] are obtained-
Similatly. it a point destinati n is within a line destination, the overlap can le removed hy dividingI. i~the line into two at that ponint.

After the overlaps have li -n removed th-re is some nmnherp' of line destinations, where p' 1 P.
Combine any piin destinations with the same locatitn on the r axis to obtain i m'(im tl at) points.

Arrange the de-tinalions alo-ng the axis from left to righ and label them [rt. sk]= k= i.

Up'--, where r-,- -- st and rrl-sus. If the Vth destinatin is a line then lt r;. =r. d-=s , and tle

constant he Uj: if the 171h destiation is a ioint then al = rio rst and the eorresponding weigt is wt.I= After tie remal of overlap. I'Pfxl has p'+m' terms. A term. such as w,-x=QtJ (and its
derivative;, is piated in figiu e " If the destination is a line ['. dj. the c-rrespondig term and its

derivative are as in Figure 3. Since the terms are obviouslv convex, then ffA, n,(xl and Wvt.,x. i)

are convex.

at

Sthe s aluedr 41-tei- pr.

1S

i ~F-r a point def-tuitsion tk is the wcdo-l wl anii fiar a line dth mination it L- :he o--unst 1qr./, -€)

When x < r, l~- -. K=

mequently. 
1V

& _460
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ILI

I ..&"\

I: 4 " '444

on.44 (3 ;eautdfy -sv e ner

..1 4
' " I I v I,

wilt

- Since W n., (x) is cimrex. t3t enables us to find the regin in which rx,1 5(5) is a miimua. Expres-
- st~i (3) is evaluated for succsivl large intener. k[. until it heoie either zer or psie. If it

becomes zero for sow value ofk. say V. tn s. x 1 sk,. . where x* is the optimum value ofx.
If exprtssion t3) heones positive for the first time when -= V. then rk C xt% skr In this laiter case.

if reg- k is a fine% the exact posithin ofx can be found by using the derivative pited in FI 3.
They cuardinate y*. of the optimum location for the facility can be ftimn in an entirely imilar

= manner. The following example illustrates the method discussed azove.
Example:

,,.x---2-2f x- - Idz,+-

Minimizing VCY,1-x) with respect to x torresponds to finding the optimum x cooriae ihr a

faciity which has one pount destinaion (im I ) and two area destinatins (p'-=

First remver the overlaps.

Wr,,d-x)=2f--z Ik .Ia-2 +2fIx-,i&+3 4-,dz+ Ix- 1.d:,.

Then m 1, p= 4. and
r-- 1.s -2.I,=2. i =2.

---2. 3. L*'= 2 =2.

r z3. :4. =3. 1=3.

and r4 .,6. =L . 2.
-,-: if~~1=2+2±2-+3, 2. +2".1.

L ._- - __ - _ -- .
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Fromt fi ~t~~ -1+f-7

dx j~

The sfafpr id the third ter must be I at x'. Fromn Fittt 3

U-Zx1-21 (C + X!. and x LH

3. THfE TWO F.ACILITY PROBLEM4

Consider ruwv the proiein osf ineaizmwo fadliis (x'. ; and Ux2. Yz I annmp area destinations

and Pi nt Itsna Lw s ! zieesav to in- i

The weiu £gt rj. apidlrs to the dlsaanr bet ween farilityj. and spoint dtestination. i. whil avjt applie
to fte distarre between fariliv.j. and area, A; Thr- interliiftv distance is weizhited by FI'

As before. the findiua of tie r e-iwnllnates for the qttimal tr-aton of the favilies is independent
of findfitg dir- v nsodtinatris.

Consider the ininivnizatin of

= = pFw
1.5 ff:±, A1,. XZJ) V r1 4x;-a;! += S nV Le ) mlzrdr:=

i;.W tnt dr

In sir cast- tp~t ,witirL. inridrntaliv. was adrrved grupthirafl by Frmri [41,- t51 6s a pnlyhedral
-ufacr in IX:..x,.-, :jspr. liw i true bem-u!e terrnv- sxcha-t rj-nm and Csin-x4 xare

madt up of hifplVanes. When1. 0 .. 'rn --f ste -rdarC of the poldyhedral snrfaur become panlwsliraly
nmundnF- a- can be deduced (toni Fisure 3.

ftbFX.T: P UIS where

P:= Ixioi j=1.! >1. - m'. and
P fi Jjsd j= I2: k= 1. p

Ass.-urrar t hat anty pnitn n4 m ncotvwpndfina if. antsr wdqght a-ir 1 nmsr leisM.. if w~o - 1. nnt
u~ion ; -CA
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Tlwosr points on 'he surface of t,z(xi. I- which are no: lP arc located tin planesectiow. -sice

the direction numbers- of tangent planes can only change in P- A minimum cannot Occur on a ulane

L without occurngon at least one of the edges.

rThe search for the mninimum of W'tzp~xu. -z0 need take place only among the Projections- P.A

Arelaxation or univarlate method 1131 is used to find this minimum, The procedure is as folows is-er

FivYuan 4..

In ~ ~ ~ ~ ~~~ m TJ s temniuFRk rsssesOf=-~ x.x oae yapae ~ A n

ttiflstaflt)~~~~~~~~~~~~~~-s- or~ ~ nh nn ytemTho uepeiu eto. e e fpit

-- ha al yd 0- amenie f E.~x,.Xe: a te nd f he ipithn heSET4 ilcntnth

poits hatdebr~ he tohl uni~nl isO WX:.ux &W set
T~0 , i firstfoundfor anrlina prnjec lpn. hot (4-. l insfthef xh Z

that ~ ~ ~ ~ ~ 0 paOs uhuoudi TSaei~sin ni onsn- nGarpOuce.AanU. "~ n h

Le LocWal h minim rcum of the fasctio ha F3%n x,. e)r is1 rtne. An aple ixlustrates the

idgoiti re = ill and an Te

ponst~a ein h = 'mnrai i =X-mvi=- -x2--
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L et G 0 T _
ro checkr the ine x=t whc arihum,. n si?.Tersl

T. X-Z .12 !

ateiarzheiex -z~

-T.

Gmdr the ine x~SJ ning thxn4 (: r ieII facilities .afl befcjdih thviesdgatbion of
h:s than --- a rr fortun'bkem- wi !arge-on an~d ms-.

4. THE N JFACELIF PROBLEM
Th-~nra 4rbr on hrazru n autY.z.y . x ~ agn A-!snxan~h

and p drstnatiu area vn be wnin as :he minkiman f

j*,arpl Tv Si - -

~Nr s~ Aa-r anriixa! m. Thbnw n i tin- fj4oiai t itarca ,n cwrd
t-m--a tv
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The nuit'ajatc metbod oif optimization apphiet. but is olnviowsly very tedium: when r. is large. It is_

(if cours. pwi-sihle t, pragram a coimputer tit do the calculations.

5. CONCLUSIONS

Snce umints andtiowrlapping rectarngular areas can be used to- appiroximate quite complex spatial
distribution,% of popuvlatons the metheds discussed altwac would Seem to have applicability in urban
locat-ont- Warehouse and plant lay-oats are oiften comprised of aislcm Laid tiut in a prid If the grid is
fiue enmigt rectangular distances waol apply and the models disew'scd abolve comuld bemusd to
Avle mo~hiaterial flow pra'blems (seef141 and f61 IL
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A TECHNIQUE WHICH COMBINES MODIFIED PATFERN SEARCH
METHODS WITH COMPOSIT DESIGNS AND POLYNOMIAL CON-
STRAI-NTS TO SOLVE C9NS-5'R1AJNED OPTLMIZATION PROBLEMS

re~

AWSWC

r4--t wLTWn. vq f -w mpfl A=5s. Tr a, lqdm .a--a i c

Cuum-ra Thfld r.gmk prrfl a r mmue wit maximzibm ormus==zi -,

mint 1'-in rtf tiju.neain r& .k~'

mn te irmt pmre- hc an ra sIptif sor of prrfaEr requliai~v

ori

7pih- to £brm p.4Aimn 6a then dim :b-ri nfjnimrnemhr snanair rsiadr :6- a =

in .wr r "waiP a fra& st of parmu-mtr rakrm.. S-cumun mne arr .anhazvd 31 pntit A

par-nmflrr vair. swn a* us. dtruninr= azA. m.- in a ofurw' ir %4imum funmiuia rake Whr-

!ta~4jr~al esnn~n- ~iv'rsrrk ~nh~s lT third. and :r updd appwrh rmpLn-s

rrn ivi rltia de,5mr... Thtwsr ahW-:= "rfi th ranuan4 ninni and cvmfltrflIw r

'urhhf a UWm01oa anntbrr Ofsnisai Tim. irn~ n enilnr" smxfarr,- ; hr sed in 0T1wi

r* 6= b- pr-mtnwr rTrv- 1 f-xrjm-m irf-- agnlf 4 a hw kwlv fiatria!

mran--T*-- f ~ c ~tmix-,n Tim- tar-ii4 tn-r r -vmztm --- ftnd'be

-'nm~s~ -a~na uP n~rass n m-m te 14!eiwfjin r
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s-et oif condtions is then perturbed. ur variabke at -a time. and uppe-r and iomer baunds are obtainted on
each variable in the neighborhood of dir czntimum. These bormd~s ame dewnined such that none of thr-
constnuntva are vioated outside a small tolraince limit. Inferences mar be made about which variales
have an rssrntallw uniqte optimui value and which otes satisfy the ctants at the optimumi wihinl
Millie athl ntrl4 T-is inhiraws inuhiple soluion to the inWa prublem.

9PROCEDURES

21Design of Esperhuenzs
The prublemn is to mawdiir or minimize :5.nr Fr. ponse Y for a sysf-t-w in wirlb prior experiene

itt that imdredent variables_ X.. X=------are the two-rr variables hating the an'-4

actual expimerns. The most ronservathre number of measureets at rach X Am at sos any trend
wit h respr4 t o Y 4 t wo. To uirflotni an riperimtenuil desia to a bsz-nw rrflninstr- atp (artoa drM z
c=n be euimtlucted where k ishae nwunber a oftaczoz . ie.. modrpr Memn variables, andl p is t le number- of
l-e;vel particular value seniags of ads+ fictor. If. f4r riuampl. a n-isevew p t epnona
desig is performetid to observerepne alfhetle bv thre- indlevendeat var~dIes_ 2 design pointS.
wouMd be selectedt Tale I indieawts the treatmntt cundi nain -- r desin point where -I and

represent the otand high levels of the ith indepenetviae.

TAMEt L PDcsigat

IF1
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fable IV presents values of the independent variables and the associated set of constraint values.

The first 2' design points are those used in the initial conservative design: 2(4) +1 design points haveII been added to complete the composite design.

3.2 Composite Design

A full factorial design was constructed using 2' points and other points were added to complete the

composite design. Table III for four factors was used to obtain a for the additional points. Since the

standardized values of the four independent variables between 0 and I were at levels 0.25 and 0.75
from the permissible range -I to + 1. a= 1.414 from Table 2 was adjusted to 0.353: by the

proportionality:
aO 1.414

(5) 0.5 2

and normalized levels of each variable used in the design occurred at 0.5- -=0.1465. 0.5, and

0.5 + =0.9535 for the nine additional design points. Note that 0.5 is the center point coordinate of the
design. Table IV shows cozastraint responses-for all 2'+2(4)+ =I25 treatment combinations of the

composite design. Only raw nonstandafdized. values of the four ifidendent variables are shown in
the-table.

TABEV. Desn :Point Constraint Values For 2- Composite Design Experiment

j Independent VambWr" Constraint Values

• De 5o . _ -- -
P- oint [ = A i S x.T-, C09.045 -39340.114 -- 32 -CiC3 -

6 W -2M.1 . 1S 118

1- soool 6 tC 250i 41.11 (ln.ioi5 1-889 0-o4,
!O-7 O 0 6 o -114'.306 7!.I -0.1311-16 la 65041.11 0.65 18899 F0.05 94 .36 76

5MO0 6 75 45 -~O03.& OAS 63.33 0OA 1 -7riO -0.3057 -78.4 LO1M1
SW4 6 750a 67500 -3.333' 0.65 6333 OMl -W79O' 1.1251 IOI LU
5000 sao a 45o 42500 41.11- i 0.15 18.89 -0.45 -3658- 0144 '14. 1 19
50000 8t 450 I L7500 1 41.11 0.65 18.89 0.O0a 1 -3638 1.318 1 O - .19

8 1 50000-1i 8 75o 4500 -3.333 .15 63.3 1 0.45 i-4321-0.265 -291t.1 1.059
5000 8 50 675W1-33IE .65 t.6.3j 131 68661 1.059

.9 6 6 450  : 42500 63.33 0.00=831-3.333 0.5917 1 2026 -0.5656 - 2727 -0.4516
0 1 600001 6 4a0 ,7500I6.33'049 3.3331 0.1.0 2 1,0151 4130 -0.3421610 1160001 0-,. [ o * -41.

-I 60o" 6 759 425. 10.0 0.003 a0. 0 0.-5917 t - -12 1 - -2884 0.5517
1- 160000: 6 aO6750 51 10.01 0 4  5. 0.17501-15821 773 901 0.5Z317
1- 600 8 450 42500 637i Q00833 -3.333 0.5917 2617 10.2M61 -2870 -0.4674
14 6000 * 67500' 63.33' 0.4 !-3.3M1 0.1750 2617 1.0301 3970- -0.4674I S;!6oo a ..o .o ~ na nowd. noo ui I~g.! - v -oni_: os
15a J60000 8 425 10.0 1.0 - na59 ... -0&- 059
16 (000 8 5 a0 10 10.450 : 500 .1750 -1W861 0.79471'3U it M.2"" - I 1=

MO 600 1 AO 9.883' 17 50.12 0.1.-25 -7181 o.8598, 4398 0.5761
1 3 c 1130 '-00301W- O.63 * 6o :5o00 33.45 0.1861 : '.05 .1139 0 .71 30.31

- - '! 5.586 600 M' 21-67 0.613000 .383 i 00oO -277 1 0.5 192 ,891 0.27
-- IO 841 W , 21.67 0 . s833 0.3M 0 .55 2092 0.2198

Z' . 1 38.9 5DO 7 700 M 1- .'79 '03 13.571 078141 2320 0.54-2
% :- 5 J . 813.9 " 'i--w C.S " .0.3000 - -5% 0. 210I .0

23 550001 t 1 ) 37139 21.67 -00136 38-33 ' 0.6214 -2614 -1.178 -3447 0.2320
24 1 5500-1 7 ( .2670- 21i.67 0.61 3833 0.1"i361 -2,- 1.202 65,70- 0.2-320

zss ooo 1 7 '600 '. M21.5 o o 3-13 _.0 0 .. -2641 0.5382, 21751 0.23-0
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3.3 Ptolvnomial Regression

Astep-up regressionI program was, used it, fit the data of Table IV it, second order polynomial

nmodels. The first eight constraints C(R) -- C(B) were i-rely upiper and lower bounds on W'ro. AR. S.

ani. T as, obtainedi fron Equations (0 -(4). -For each rcegression, terms were added one-at-a-time to

the model until time multiple etorrelation coeficien; RC readied 0.999. This means that a plot of observed

responses against calculated restinonses would give a line very close to a 45 degree line passing thc-ougm

the origin and lying in time first quadrant: this implies a close estimate of calculated to obscried re-

-ponses. The reg-ressjon constraint surfacs -- re shown in Table V.

T ABU VI. Q. (hiwratic Rtegresslo,, Mh-I For 2' Conims ite Design Con.sraint Suirfizces

(:19)l U.t 4 700 t. E367 t E - £I t3 5- x ~96 -X 0. X;.2II EX -,X

Ct It =3.5A I-o r,, - (1.3 7X -o02Z798E-3 V-j .21AV~-E-5 x X-
C(12- 3101 136- xXv- (.RV*-E--9x IX,

C. 14)1. h-( .3 1 LttE'-8X - 0.0119~o.t~mE~ x X, *-(iu 4njA. 1 WE 8 Xf- 0.112 E- Y.27EL I 1

Ci~h rcelr and---> S--omh8A -07119tt2-7 -1.l 't

-.34--o -,trained Optintization Searcrocdr an en iiiyAayi

The Ilillear- tangemit search program. ll-fzi-nce 41. was empiiloye~d-to mtP-inimiize thle takeoff weight-

Cimject toi the houndeuaiis.Eutin lJ() and thme ctinstraints jf Table V. Thez search tervijual-

value- A~ h- optimnum are recordted in-t-m.- zeomd column of Table V1. A-hot-t programnwas written toI

periturb these optimum values slightl min-at-a-time until -notme if the constraint values went hliw a

-iletd tlrnce lirnit - OAS). Recall that negative fotistraint values-constitute a violation. Upwr

anci lWer-limits- were obtained tin thme opitimnum for each variable whjile holding all other varalscn

stant. Thme percentagc variations of upper fronm lower limits are indicated in columni five of the tabl

Thir variations for takeoff wi'nfrand win- tirface area S are both leSs than ou': percent. so 3t-

may be assumed tat the optirmm values for these variales are essentially unique (constant).

The values of aqpect ratic, AR? and thrust T a: thme optimum arc not unique. that is. any value of

aspect ratio bietween the uppller and lower limits way lie selected and similarly for thrust- Table V

equationsI indirt no interaction between surface are-a and thrust. XZX4 terms. so the preceding state-
- n~nt ~ fredomof etoie for both variablezs within thme Table VI limits is verified. If an XJX 4 termi

TABLE VI. Opuimnum Solution And Limis

Tatf We-ight. ff'-- ....... I .;- WS8,~ I S82I .215 i

J l-''- I.ti'SAM t~e 818 11-921H 1 .V2

, *l't..tt ............. 61t100 i0ta 7-6541fI1

_______ 50_- a AMi
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were preslent inl thle constraint equations. flitn diffe~rent aspect ratios cou~ld he pilotted against thrust
uppier aind lower htounds to determine thle range of choice for thrtis: at a selected aspect ratio. Ill
actual aircraft design it is unlikely that-the thrust parameter will have such latitude. but it is probable
that somue of the indeyeiident variables will niot be effective and hence nit controlled.

4.0 -COINC LUSIONS

If constrained (or uniconstrained) optimization techniques are to lie applied to entiirical data
,lbtaiiied from-costly experiments, ana 1rsis etosts may be greatly reduced I)- employing the pr-ccdure-s

outlined herein. This -involves thle -comb~ination of a complosite expterinlentL I design to minimize lte
Hun-ier of required experiments with regression analysi-s to obtain analyticai approximation.s of till
experimental data. l-inaliy classical-constrained optimization techniques ate used with data from the

ana1-ical formn of the rcsplonse( surface. The resulting optimum solution A~ill, because of regression.
approxinmate-the optimuni which could lbe itbtained using actual explerimental data. It is also desirable
to conduct a sensitivity analys -about -thle optimtum to investigate thle uniqueness of the solution.

The resix)nse surface model would ziain give approximate results while actual experimental data
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FIN!-T9.STATISTIi3A L GAIMES AND LINEAR PROGRAMMING

.4.,'r Fare Instifia~r ,f Tr~ennWOX

I Jkridquanns VUF

Thew dual tinear pa~erafl, a.-.,CLtedt with finjite .iavit-icatl gamvr are~ in tni~ait4 alid

iteir -14tracl _-4uira, u*rt inverpike:d. The uwut aii-tkica gat i ;fcrmrizrd .~ a tu.-
Sid. tnfvrrc~Itcl aMr and its~ ;uw.-Sibw apptieaii. a- a :aeiesl mw44A i4' 41i6mtowd.

1. IINTRODUCTION

In *i paer we -investigate the dual linear progams associated with- finite statistical ganies
U~~~~e...~~~~ fiiesrteyad stvation spaces) and -intere their optimal soutis Furte r.w

ge eal- u the usual -(oneasied inferenic)-statis-tical-ganie-to a tiwo-sidcd -(inference) statistical game
where each -player -makes- an initial -strategy choice. partially implements his initial strategy -while
making an ibservation -alIlowina-him- to infer about his opponents initial choice;. and finally makes a

s~rouda vice restricted bv the tvartial implementation of his initial taey

In Sections 2. 3. and 4. -We present a hierarchy ofT three games and their associated dual linecar
programis- Each game in the hierarchy contains its p'redecessolr as an imbedded special cast-. Sectiin 2
-yrea!_q the familiar Rectangular Came. Sectitin 3 treats the Statistical Game of Statistical Decision
Theory. Section 4 generalizes to- the Two-Sided Statisti-al Game. Section 5 briefly discusses the
Two tided Statistical Came as a tactical warfare model- All sutmmations ar over their full ranges,

unle] otherwise specifid

2. RECTANGUL.AR GAME
Suppose we have two plavers Blue and Red-. with finite pure strategy scts indexed over I and J_

respectively. Let a.q he the payoff to Blue wimn lie chooses pure strategy -Fe and Red chooses pure
strategy Jr.): we make the zero-sum assumption that - aij is the carrcsrnnding payoff to Red. Lct
x; denote the probability that Blue chooses_ pure strategy i. and let j he the probability that Red

c--e pure stratea j. The AMinimax Theorem assures the cxi: Ieve of a saddle point in mixe-d strat-
egies. Mi-reover, we have the familicr dual linear progrum!s

max z;

99
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21 s. 5'fi))-0 j i:

eitler of 14 hich cLn tiIn. -odved t41 Vield o-ptimal strategies and the value; (If tile gamle.

3.AlbrSICA1. G;ME

Stilqise that lRed chooses firmt and that Bilue makes one oef a finite numnber of mutually exclusive:
and exhauttive Observations indexed cever A'. thcrebyv aIleewaii himt, infer ab~out hie&S ch-iic befoire
inakin-- his chtoice. Let PAL- tletuene tt'. problability (aessumned kneoiuni that Blue oblserves k,-K g"vel

that Bled has eiue'?en pure strategyj. Tis ine~t caltl) biul fie l'ormulated as a tectanguar pine

whiere Blue has pure strate;6es of lte forml 4.)&.K~ impulying hlis chilice -if 44-E after ohscr-ing k. The

exprected payOff it) Blue is rl,,jfk nuien lie chombses purc strategy {LLxand Rled ch'Ooses ;eurt-
tratecr j- One call write down flie analogsz to I I and t21- fuor this gante. but trivial rearrangement-

and suhststutimis ni lte equtivalent dual linear jirograhlis

Ma115 l

43) aw~t. - 1zpe, : el

I Z: j Ije

Sujpiose we depme the optimial soluuizin* teo (3) and A4) uith stars. T'he xL repre-m-nt Blue"S optimnal
mixed Strategy in behavioral form: ixe.. t:, ite prt-hobility that Blue chooises i after ob,s-er ineT k'

Tile optimal dual i'ariales -ield a nice interpretation for Blue. u.4 represents a partial vahre -f thre

gante with respet o f, obcn-alioen 1% and 01,L is ;be probab.ility that k is of "_erveel. hlence, we can

interpret uIjvlj a:. lte conditional fiterimit value orth-, cape to Blue given that fie haso4ihseredit.

!n onentional -tati-t ical ecizi-in theoiry. Blue represents the statistician and Red r-pesc-snis

nature- A mixed strategy for [lne i., called a -ranlonizee decision wle" and hiQs optintal strategy
isr called "maximin.- A mixed strategy for Red i; czlled# an -a priori distrilbutieen- and his optimal

s-trategy is called l-east favorale. We remark that there e.Nist situatioans 191 where lte payoiff depenids

In11 tile -erration h ie. sz. It should heo clear that this generalizAtin can hie handled identically-

4. TWO-SIDED STATISTICAL1 ;AMIE

We flow assuime that each playrr nmake, anl initiai uhoice. makes an ol,ernvati,-n allowing- him ts

infer aboaw his; eopipent's eiioiev. aild ther makes a --ceiidary choice fir-o a restricted set of pure
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strategies. We use tine previous- notation for Blue, and we denote isi adunisscible secondary strategy
set byMA C I after initial chine i: we assuine ieM;1. We assume that Red makes one of a finite number

of mu1tually exclusive and exhaustive observations indexed over T. and we let qu denote the probabity

that fled itbserre-s itTgiven that Blue has chosen i initially. We decnatceds admissrible secondary

strategy se: Ivy NT C J after initial choice j: we assume :hat ft~j. T'his gamnt can he formulated asrtagarautwhpre.ragisotnefr(I{}.xwth el;ndj.Jlr) ih ja

for Blue amd lied, respvectively. Tine expected payoff to Blue is "jpqawhen inc chooses (4.

fi±.±-) and Re-d elnooses (j. {,,) The analogs lt fl) and (2) reduce to the following dual linear
= progrms11.

Max r1

15) s.t. 2 'ajqjttu j: neA1. mETijc

2xkMnW;: ItEK i

Of~ 0.L mc)!;. LEK. hil

mm id

i6) ~ ~ ~ ~ ~ ~ j,=j cT 22"wljerJr tZml.kK
J Ij

0:t nNT.rifJ

Aran.wt hae 4haii-ra rcirc-ntaio .f he jvhnlstatgi: , Lth prbaitllytht lu

5.~~ neACIg. :cTLICjcJ

Again w hit a Sbeaistral reprenaio of tinefu opias l r at icl w arar iwht e prbblt hat lu

thate iwais oe inaitiatieks. obse-e oa.# Again, t Bim1 uaribes y-ljciepoailt a- ni inter

t-mza im fogBiv e chan intepet nX R*e stns he conitin value of the ame istor Blues n-

conditional subjeetive probhability .f unission aecuomjlislnment. Zero--sum payoff represents- tine usual
ron-rratitc 'wnirst case* cflterwtn.

A value can i67 assigned to any particular type of rennai-Q-anee er--. aerial- by suitving tine ginme

-=with and witout It. the difference1 in values representing tine inecrment of subj-ctive problability of

mnSion -1erominliment e-ontributed bvy tlnr- isp-Cified tvn- Of rec-innaissaner
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ON QUEUES WITH ST-ATE-DEPENDE.NTF EMANG SERVICE

Sthaut of Enintwisand. eul dpW Sdie

ABSTRACT

4idqv-nt Eztzng ~-rc tmrs in %" sOf ibti W p..~ict n-( fzi tw - appuimae
--it,;uzy M;GII-Uc a~-dvn.n qur1zes in a- manner sunithir z-dw~ -U-4d- bw
R.- ahine. 3=d hv Kendal . and K.-tak T&lwPmp. ad WautJh Pir dw- MJGXII. I Xuef-

t ~~-S3 inaICJie 46V ttrt evJauInof.azeu"Mar 2i ~pr

I. vmTODUCTIO
In - iew of the history of tile us fElnia itiutosa-pj-iain for mr eea

tips- of nter-arrival-and sermiee-tinte-distrIu-n -it singlservfer ste ieKudall [5)ad~f

in -this pper for quMees with Ptoiss~n -input. siate- pedent -rlaug ervic,;and tn setver-Jn xiew_
of -the rease, a 11,1 favorable rcesult:, the atthor5s ,f 1 found -in -their eialuatior. of E.iangia aJphoiu
niations for-rGIJGJI. it is suggvested-liere -that- a similar-ai~roach could be used fou-queues; with Poisson-

i-utatd general- but state-dependent *ervice times andl that thtese nideL ho:Iuldiprovlidea reazahkn
Cstimates. Thle particular zniphasis of this pa~e is uow-the procedure ft -deteriing Tftiiwi
pri'baihilities for the MICJI state-dpendent queue with Erlang service.

The general Istate-dependcut- sys~temn with Poisson input can be described in the followin" manner.
il Cusouners arnie a-asa simpI.e Pnisson process_ with paramcterA.
t21I The eustohlers are servicedsinoy. first corle. first served. 1'v-iuc serler.
;31 The senic t ie of each cusitomer is- conditiniied on thr-,numbuer in the queuec. Servwice tines-

= ofcustmersbeginingservce wth te -ane number n in the ,system are indepedn id identicaly
=distributed -random variables,. IT.. n= 1 2 . . . 1. with cif

77he departure process of this sy-tem. I.V&. 1- 1. 2...a- number o.f cuswmers in the
Iysenimmediatelv after the Li1I rustomer-leavesz the-svuNu1.ra-is a M'%;trkov chaie. indep--ndenI -of

the form of the Sel 4 celf 'k~i~ f.41. The transiton matr&. P I'fii. Cyf this imbcdded-chain is
iven by

4, L,, L 1  k1

o 0 km k=

103
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It is clearly seen for i> 0 that

and that

~Ioe seeliclirno. i A. RESULTS

Af-e Pecfialy-nr.it'-vllbe-assuahed that

LLR [M di tfurallnaI
-~ tat i. tat -he -evc ie fntpe easorr ar dnbted avrdn 6" a rag ye S.

Am iesce frti Ill.znie c~-y - nnsae&tiIe gInEin-t s

431)

-i the rt~i-fo fat
C.1( P

lfh~ the kt -ii V atlfeuw pis Aitziins Fajsz l

p;~ 2j.ij
Sthn

'2i (~fsffl~pfsj+ );.t
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Front the transition matrix.

vi -

If31 j5 :nuiltqmhed- !bV9 and then snunanasi lonj. is finund that

4-A,

IT

thffen t Fafocuatg e brvoms l ori u--oes ht

ft htw an b pintd ut a ariill rult§g fornw iw-I bcddcda ~hn a I irenvracco&tcl

6rnc pibcc~,s. IXILscuiJ. tiii is nub-r~mohr nte~wcna im4snrbsain

-~ - ;4hani r ftrcanacietcl~iocnf~l anv~Ar~ ;iia~no~rt

IN~r'nc ~*o.qee ih±nulbtStt-cndn ae ue scnauli3t
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lit rannition matrix 1' i thecrefrire pren 'by

ru

0, 0;. An -

LJ
an te ceratin funcdims!f liv

ther 4 an k wold e ienIwr, at! 6.rr.prwnel..Therefore. fr-im Equfi~m t41.

=-. and z1 auhtdainred by Gi~ -fin&h:~,lLit.lln~zp~t ntSic ;W;Pai~

B.Pt

Hence

A z'ecnnd ratiM in r nd !:nmrdi a- ame

When thc---c two linear rquali.,n in ..=n a-= e ti j44ta

aWin

and

Bunt. (from 61;.

u~l s

Ienf
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TABLE 1. 11i(I) vs 110, 1101 IXEI.-C'intiiued

-RI 1 r .01

Hilo 0.10 0.20 0.30 0.110 05 0.60 I 0.70 0,80 1p

M1(M) 0.0011 0.('J(iJ 0.00900 (l.(MII 0. 0)02 W1 0.1)00 1 t5 034
l1 101) OXX 0.(K)(01 0.01 ,00 .004)2 0.0001 (1.00 0.00261 0.01025 0.02196

M11 0.000(k 0() 0. 0000 A IX 0.0000 0.004) wx00(4) 9.001 I 0.072 I (12-1
lq(1:3) 0.(100 I 0.0004() 0).0000 0 0000 0.(10 OAR10(10 (1.0(x-9 10.00711 0.0210

jq i jj 0.( OAXM JV R 0.ZM)( 0.)IX 0 (IMI ()(L) u

It/( 1.2.0

1) 0.3140 0.2927 0.2692 1 .818KI10.234 0.21I43 0.1 0.1452 Oja 0 sur I(135
it 2) 0.2310) 0. 2372 0. 2397 0.37 0 2 0.2120 1 A4 0 1-.0 AW
Ph 3) 0 .14.58 0.1542 0.1633 1 0.I' 2 0.1790 0.1807 1 25 0.1146 009V)3

PR-) 0.0876 0.0931t 0. 1OW9 0.11061 0.1217 0.132:.O.5
1).()1II 1 6 M .56 06 0.0708 0.WX 0.119J 1 09 .

0104 0~P 06(10

Pit 6) .2,92 t0 A31  0.0343 (1.0389 0.04(f2 ' .W373 0.0722 00. 00805
it 71 0.0164 I0.0176 0.0194 0.0222 0.0270 0.0353 j .048k 0.0W678 0.0708

PI( 8) 0.009 0.0198 0.08 0.0 12 1 0.0154 t.21 (-f I- ) 3W20 1 0MW 0.0614
1'(9) 0030 004 0039 (.69 0.0087 0 003-~

I'1( I0) 0.0027 0.020 0.0032 0 (.0038 0.0"-8 0.007 00130 0 (P63 00 451
0.001)5mI 0.0016 10.(0018 (11 0.002 104 0.0081 0.010 08

41102') ( 00008 j 0004) 0.00 0.0011 0.0014 10.0023 1 AS 0 0. 0136 1 0.0326
P~ili 1. 0.0 3 1 0-009k ON7

Phll O.O1 -.00( .09102 W.NW0 0.000 0.00a I 0 .00930

).j(H0)O) jA) 0.0001 0.0003t 0.000 0.0004 0.001) 1 0.0069 L(1234

2.81 2.499 1.6,72 12.W6, 3.1812 [ 3.711 447 A4

R110I - 5.0

P'1( 0) 0.0147 0.0134 0.0120 0.01W-, 0.0089 0.0073 1000)56 0-0038 00A2

IW 1 0. W39 .050.) (1.I.41 0.1177 0.02 J0.0820 J .u620, 1 (m Oil'! 1220
P~ ) j0.1599 0.159M 0.1567 :.0 .42101 .(4 .. 02M( 2) 1 : .5 .Iu2 01 1J 0._-_3

P1;11:19
i:) o 130 0).138 0. 14 12 0.11121 10.1404 0. 1.1;1 0.l1*y8 0.092 .M88

Nf 112.1 I013 j .12 }0.121h 0.1243 0.1IN7 0(11196 0. 10.W6 0.06P-

P.h -i) 0.0908 0.0932 9.0962 0).099 0.1042 OAM I.08 0 101 (11, 01'I 6) 0.025 .074 0 0 40 1.03 0.017 10.0900 (I 1.094 4 OM 0. 0732

PR( A0052 IW08 0,0608 0.0W7 0.0676 j 0.0 731 ). 0083- 007612
Ph8 .18 0.0160 0'0 4 7 -J 0.0199 0 .0i53 wc 0 I58 1 0V6.4 0-07.27 r,.0)671
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TABLE 1. PU() rs RHO, RI/O FIXED-Confinued

RHO o.o o.3o o..46- 0 o .0o 0.70 . .9

'1 W 0.03.8 0.0.357 o370 0 0389 0.0116 0.015. 0.0528 0..18 0o6

mw) 00268 0,0276 0.8 .o'X 0.,0, . 322 .5 0020

I'11) 0,0206 0.0212 0.0219 0.0231 0.0248 0.02a, 0 0331 0.055I.0.12 006 107 0 ,&)* .213 10 ,wl02 010 RB 8.1044514Mt 12 0.4--0012 OI18 0.16 00%
HIM) 00119 0.0123 0.0120 0.0134 0.014i 0.0, 5O.0,, o.t0 -Io.0210
Pli 14) JOY0l 0.0093 0.0097 I0.01W2 0.0110 0,0)121 I(1.01-s4 0.02216 h.00361

11105j 0A"6 0.0076 0.0073 10A0077 0.008 OAoKoi 0.0118 0.0180 -1 0,0316
.. . , 3 6,,16 1. 270  1.o -31~ .752 i-i...9 M)7 I ___L.4

Two interesting side computations fall out nicely from Equation !7). namely the expected system

size and wailing time. since

E[N] - L= Il'tl).

is found by the successive-application of lI*Hpitals rule and use of th fac-tha

K; (1)1

and
x;~ (1t) =p;-

and the expec:ted waiting time ffT follows from l.ittle's formula as
.... IfW= LIA.

I i1. ESTIMATION

Clearly. the analysis of any problem along the lines indicatedin this p4perd peds on the ability
to obtain estimates of the parameters (Q.. s,.) for the Erlangian density to-beused. It turns-,,ut that

maximum-likelihood procedures are not too difficult for this probleni, and would be recommended.
especially in light of their desirable large-.mple properties. An outline of this procedure follows. In

the event .f a small sample the read-.r is r-elrr-d to 181.
The parameters. can assume only imcger values and for a given value of s. it can easily beshown

that the maximum-likeliliood estimator ttr p is. simply sjI. 1 the sample mean. This follows from the

fact that the density may E2 written as

.t ) = M -e-"nsM- )!

and hence the log-likelihood based on k observations as

T= s.k In .+(ss- 1) In t,--g. ti t-k In (s.- )!.

Therefore
(1yMPI.-s.0

SA
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andi
M-

Now to -aet the com-plete pmair (4=& -. consider s. to be a continuous variable and proeediiI uSual wav to obtain the IILE of x for the gammna distribution

IA de'-cription of this problem appears, for example- in a recent article hy Chtti and Write [1J. Tlieesd=I mate iund as. the numerical z-olution to the nonlinear equatIon

k ltt'.i/Y/ -x f~ 1±t-1k x t log - Mg ti.

uhiere- IS isElr-cnsat fnally, the MSofsA. L. is eitherf [ii or [iJLj +1where [xi itliegreat-

c-it Integer in A- depending which &csel a higher value tf the low=ikeliiood

IV. CONCLUSION

Techniques oif the sort osutlined in this (paper should hiave faily-wide -aplpneajiiw. One such possi=
hiir which cne rih tomn te eotiuusview (51 ~Iu~novproblem13.Ifdmn

on an inventory -system is N tPisit am reorder ieadine a random u-an1abie- and the jadicy selected
1.I,5 with onedbr-one orderin-ith'len the-sorders c-enter a single-axrer queue and queuing results

r would be used to obtnain expected inventoryv costs as a functioin of N in order to, obtain the aptimal value
o~f S_ If- in addition. the leadtinmes have arbitrary sm ate-depwent di-trabjruion funetiousM. then the
approach to state-dependent q-ieuin d'- ibd herein vwuld be used to tobt- =u the expected inventory
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ASYMPTOTIC INFERENCE ABOUT A DENSITY FUNCTION
AT AN END OF ITS RANGE*II.red Weiss

CoMell Uniirrsiiy

AB5RACT

For each n. Xti1 ...... (.n) are indeprnden! and idertically distributed rantnn
vabiahLt viih co.mma n pm4ability den-ity funeihu

vv__f(X} =0 fo~rX < 0

AX,) =r(. -OF[I - r(.1 -0)] for i O

whce ¢.r M_ ma d _) are -all unkm,-a, It is shown tlFat we can make aynai,.w in! merce5--
alsta r.-O arvil u- w:.u r( ) - a-isfirs tild contlitions.

I. INTRODU ION
For each n- XhL- .. Xu(n) are independent and identically distributed -random variables.

with common probability density (withrespect to Lebesgue measuref(x) distribution function F(x).
satisfying

lir} 0 for x < 0

fX) 'c(x- )1+r(x- 0) for x 0.

where c -, a. r(v) are all unknown, except that we know c > 0. a >- 1. and lry)i Ky tor all y in
soime interval (0, AJ. where: K. y. and A are all positive. but are otherwise unknown. A very great
variety of density functions which assign zero probability to the left of some va-lue B satisfy these
conditions. For example. ftx) wtx)(l +r(x-0)]. where w(x) iS a Weibull density with location
parameter 0.

We are interested in making inferences about c. 0. and a. without making any stronger assump-
tions about r(y) *itan those already made. It seems clear that we will have to use only the smaller
observations. or else the particular unknown r(y) will influence our inference about c- 0- and a. and
we will lose inro! over levels of significance and confidence coefficients. But we would like to use

as many if the sn'aller observations as possible. to avoid wasting inforation. The main purpose of
this paper is to investigate how many of tie smaller observations we can use. as n increases.

2. THE ASYMPTOTIC DISTRIBUTION OF TIE SMALLEST ORDER STATISTICS

Let ldn)i (n) . . . S-_ (n) denote the ordered values of Jien ..... X n. For

each n. let (n) denote a positive integer not n-eater than n. Define Q1(n) as - 4 An -0V'' for

il I......k(n). Denote the joint probability density function for Q1(n) -.... Q by g.(q,.

*Research supported by NSF Grant GP 21184.
Ill



112 
IL WEISS

* * 4ft1. The standard formula Live.- that ~(q,. qulk~l i- t-qoal to

n! r I__ff - r
(n-1 0.! W1\HJ

k nI -F r,FL

Let L- 1 . be r urt-d andi identically distr --n~d randirn -aalits. tal wt
density function c- for a > 0. zen'" for. n<Ot. OcaeZvs ,+ It ria 3c wid).th
joint probabillity deniyfnto for Z1 . 7..) hchw im L

to ~ kn' if0< < and is equal to Ze-ro otherwise.
In tis seec-iumq We pro the f1Uulwn~

THEOREM: If Iim k&~z=w.Ii± 0for everyva>6C7 and if for ishP.G any Lebcu-
nteasurab- rego n i" IdnnUnl pr, ,c

1Sht;:, 
-- -

o-Jd, -

PROOF: Frst we Ynvt irte FM nanihoh~do .O ori tV fySHI >
ce have

1211F-) IC~-)+~.o~~.q I -'

f~~~ ~ Sc4-A~t4d

a+ +cfY-8 -- I

a-ri [ +F~r-)]

where inV r(x) g! 0) x- O)uprg.--
-and therefore 

gi-Or-1:K(r-O)v for0 v.-U-

Now. byuijfjepr n~-Frgivenh1w(2.l)j. wh~en0<z. < -<Z=-. erawrt

hail,.Qm41 fulwiz four expressions,

(2.2)In

(2.3) logfi+ r
~~c L If
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(2.4 1 (n + ~ 1 1I I L+|
L t U

In absolute valuel expression eS! is than _ -n-. t0og the frmula

log II-.4 =- where IxI < fxL- we fild that in ab-m.tu- vau exprMion .- i- tti
Ipr'(n) -- a

th-ennje i _.it

follows that i2.2j converges to zero as n incrz.scs.
Zkt,l- kp I ..

Define U as ___ The asympottic distribution of JU- is standard nosrmal.

r;::: 7ZIT".In ua ;~kn. and h l Oerges stochasticaliy to zero as n increaes Thi implies that wih
4n -

1

prxbability approachingtine a,, n increases. cxtir-sn fion 12-31 is. ht-; in abs.olute valu hula

n) b. L n°Ig° KV

and the last expressi4on is easily seen to con-erge st.chasticaly to zero -as i .t-r , inm the fac that

;Lm- = for any 6> 0. Thus ;231 Cotnverges stnehast'cali_ to rem a.-. increr-=-r_

Using the fact thatt, = A (a) + Vin) f".. the property of Fly) devehloped- above, and the ron-

ve-ence of-r to zero. the expansion of the Iog in i-2.41 shows that (24' can hw witten as - + v.

where A(u) converges stochl.~ti;-ly to zero as a increa-es.

Collecting the information about ;2.2. 1.31. and ;4) developed above, and takiing-25 into account.

we have shown that log Zi) dfinveras stichaniealy to zero as n iceas-_. The proof of

the theorem is now completed by using the arpment given .'n p~gs 261-1 of Bet ]

In the next section. we discuss the application of the theorem to inference abmt j and or The
application is based on the fact that the asymptotic distribution of an ..... .. ri oes_- n ot

deiend on r(y).

i. APPLICATION TO LARGE-SAMPLE INFERENCE

There are many ways to choose a sequence ([A-nl' satisfying the hypothcs in-t)

jim --:=0 fo~r every 6 > 0. For tine example, ( in) = the la gest integer in hig n. For atier-ainp..

Id tile l}sarsinger in g.ir -- Supp(ose that we d.r hir e one nartmrlar seque ce

kjn)
Wkin)) satisfying littIt(n). Ism--~- 0If. everyA 6>0. Then the theorm of ecion 2 tellS us
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that for all asvznptotie puiibab.i 'ali uatiin. bC can assrume that

ffir i I awhereL Up V are independlent and identically distributed each %Ith
density function e- f-or ab - oedmtte unknown function r ly)gays nou rle in the' jin- dis-
tribution of YK'n). YK=.!r i-ultinrfromn the assumption that

Co. H

rc so our ohjetiive of gratin- rid .4 r V as.v'it fticalh has bfeen- achievedJ.
t Even usiz niv i- i'rpi fifrneaotcSndaadtus Letina

= ~~very difficult. I ina dninny rriaed -h oe.ndn neecrbeswt rsett he

-- tors of c. 6. and a-. ar we now sbhow-

Suppose kn is ieven forreachn m aW iva write

ifni

Alsoa. a ssinin; that Ltnl is _ ix-r. *ota ap niaaches- zero a-- anaa.i n Be tI-IM tha

- )k(n)

is a con~sistent fest MI&t "t' C. Y_. -. ronti-.,nt estimnate at 6. Once aggaun. wi- emphasi that. these

estimates are ennsistcnt. but- int asynirdotkaiv, efficient.

The same analysisS can he apleie to the situaatin where fixu) has an upper endpit, r_

-11.an upper and a lower eudnouint

REFERIENCE

lIJ L. Weiss. -Th- AnsVir'ptotie Itht Distribution of an Interrasing Numbewr ofSmir Quarti-



OPTIMAL POLICIES FOR A MULTI-ECHELON INVEYFODRY SYSTEM
IWITH DEMAND FORECASTS"'

br

drrnn-ma I.'-Ai 41 a~ irna 3==4r -4-r - A-a lm-r

na. an=I'Mfl -h -4cr~ -q -gi

I. INTRODUCHON AND SUMMARY

= ~We consFider an inventol v fystem Ci4-l-'tU': qd lWI., wa-mfl-VAS in rrtAll imNrungodr

wrive at tile Upper insallth r ttk, -z4.rkinz j Unn' a.l tWnarl rz.r e a 1wer in :aaitp

the wlt Ec Witio t deiffl ar 'awc at flic 4stminw.' t- lit w n-h to order fim n uside

thr systemn and lion much t-. A.ip to th- fiehl.rrdror. n ~ Ther n' 0-r nf-l-tI

made fi, taidn the amounts hf -~nc . tar at +r ~ .lwmw H an-v o-1-- ordrerd. it

t-iz delivered hurnediairt l c moc'g th1zi 4n gn. Next. m-i -4w o em tijpa lI crIFrivIfAl

isent from the 544k tn the stoin2i plint. Bard~ -in ta. ==nn- '11 == rawn- at t'i s

lnstalla1tiins. a derision wo ,hip, a certain atn-iunt of r..oc la .=dw &=' a t -11- -- T Aws -k shtolwd
to -fie el inmedigeh. Our =.-al 6 it. make Ia a=-xi djri4.' otaia~r sI i~~nr h

tota 6-d cirt for this invenbin~r svstern.

-~There is an altern-ative intrrprctlatn tif t #titmaid for"ra~ In aezta! inw-entoni ssems the

Frequently the requisiltns received at thew str-wkinr- ="-n = ar Inare"- 1 ro tWfo kcl mill iernas,.

tftrflsiuiflt emr,a oir cflflrs n wieiaa fuf- ih e i n ~ r~ s that the wi=-r

ma% rrss a demand egnnsienh diilert frwn o ~.rran&L Thrv-r ern-r lead ts errors iii

theC knmndedpe of the azrt f tushik- at t1- I- v ntr- 1=w~ Mi-fs ex erf- in aret F~.I

are c-orreted at the lnin=lufI of each peosi then wr EA. runi 40y
1 

r vmedeand hrarnsrileu
I-n th dc ac wwn u dermand fftirm-as. *t ri .F m-dJr w- b~ z~n 1 -im-~rs are nii t-

reered. ne arc le to modelh o4 a different -cw,-- - V~f tra! = in ==I g ifrn na

m-eat ol uiprfiect demandi inforrna~itt. -_- Rel.-
= ~~Our cost structure is 4a f-Ahar,. At the - '~n aata~nI rr- linear i~ t

flu-~~~~~~~~~~~~ 1_3n fn t L-(~. =4~i~ ~alf
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oswith a se -- 1,j rust for any positive order and a general convex one-penod- expted bdna and
4oirmage c-os:. In the field ainstallation 2iwe assume a linear cost fo~r shipping frum the stokng point

K- ~~~~and a general co-nvex one-pel ld expected bidding and shautag cos odtoa ntedmn oe

ca-i. Exce- demand in the field is coimpletely backlogged.
Wi th thi's c structure %ve find that the optima! n-periodFu urdcrint niditry at the --acine oiat Is
--- t Sj a~rm- and the oiptimal1 shipping policy of the ---ecitclnmerzi urn ne

caklcate the-se polcics _Cwe can take advantage of th-e fact that the total ojflitA' exp m - cst for
thr ero problem -can he (adtored in. such a manr- omk he caritians -7cmu arrto .o

rein red for twonat installation model&.
The idea of the facrorization for mnuhti-rhekin models was firs mtrodaucd tx Clark andS f. I I

In. a hijily or mma! paper. Our model is essentially theirs with the addition off the neinuand .--recast-
i~a - tnc Of factorization has Aso been exploited inClark and S carf [-21=

2. TINE OPTMAL ORDER!NG AND SHIPPING POLICIES

=Wehbezin by setting up the functional equations gocvernin g the- inventory systm Lel the nurchamse
c-Us "z th stocking point be given by

!K0 c -z z>G.

whee:isthe amount ordered. Let L,() he the one-pePriod expecd itaddins an shwon Cast at
inst1allation I when the total sistem stock after the current c-rder has arived is y= mFFe Shiptn cost
tzrn ins!Jltiort I to installation 2 is linear with unit Wst- c. The .me-period expected haiir awd
shortne eost at instaliion 2 is 1,c(p jtflt. where ji is the inrent'Irv iexrn in -.6thel aftier receip 'x-

any stock shipped and -q is the demand forceast for the period.Le f_ Arx.z. -e the optimal ent-ed
A-_ro cos-t when the to-tal sysiem sm ock at the beginnin offshe fiz -- ' isxi - and the ivftr

tevel at intabtattoti 2 is xz- Similarly we let 4_x.. x;. qI_ he the optimal rmro cost when- the total
system stork After delivery 4f thez order placed at the benrunng of the fast Pewio is xz.. t6e inrentors
Irwl at ins4aiion~ 2 is xz. and the- demand forecast is . IfrdAt- <a ' -.BxW thedsc etfcr arid

F stecrnand in the first period, then the Zgetpt ta s4n 3D and' I~.: 1 sarty tn
syst~em of functional equations:

A.X..2?I= min c= - (y- -x: j4Lc vY>qr arE,..

ann

f..xzx) = in {c (y-x-. 4-1S Fa EJU- x -

wW-fel n ~ 1 0£i. E,-, denotes thr.e onditional expectatinl wit.h repe " .o IheIdIrrand e ven

triomrecast q.and £, denotes the expecteation with recspc to -hFe re-~
Thew prinipal too! used in olsaining our mtain res-ub i-t the ,nllo6win ltanr- Jffkant-4
LEMMA 1:Le. CQy;&a rrl nrdurfninon 1-t + aindfomwtheawxljos_

Fix G1 (x,) -W2 4G2;)L



3WLI.ECHELONi INXNUM07-JRY W IT UFAMIADNI) FRECAStS17

where GI is conrx nonderrusiz anud IG is roann noninrrasnz.- By tiing this kmma. we easily

obtain Thterem 1:

THOE iJ , s:nrrad tn ar traM a~ of ten

and

forna- 1.where f;jand -1- nh err rorrre nr a1 ' ijandi- rd--,I nIarrK-cumrvtraaullq7.

PROOF. :pmoorwifl b by Iducinnur Lr'r n he

lsX1. 2 1 NOD I rflhr

Usin Lmma 7 Is vr bar v 11i 4th Imu h l - and- lnne tan X w can be written as

t3fix,.x WV '1n U70I

But the, first ui rt on the rishi-Land sideo 0a3 is K"ovhrt taddxlonifScfj.ante

A&-sume now that the result is truetor A Y t.

ICU gV(Xlx. q1j: min tr--L -- - -

Again the first4 ter on t.he riahAnd side of 4- -w um ol a crone function of x, and a-convex
function of. The second ter _4K-contrz. nrr nt um da convex -ueon adaKcne uc

tiut is K-convex. (1) foullows for ninA2. Tot crnnplrir t-ebr wrtf u-4s show t2- fen-X..But-this
-- -foikiwis by the s--inu argmuni used L_

As an immediate cotnibUry We 4tuin the fUNn VIf th oluimu ordering and ipngpi .
COROIIAPY 1: Under Ik hqmra offkor I. the oviMal DRU lM v infr' Lthe n-pirriad

sf, Cs order I,- x,.i

x,> s,, oder noshingz
keo Ima shipgnag decision :5( ~ij~J~orhf~f

Lx*, and xz* iW;L)..sio. Minifl=!ini-s:L( sxxi

jfxv-> R_-j Slhin nothine.

Funk ermr. the palm-% paanm., s- -S and X_'713 ranM al-iE DE raku-nrrd rrusirl basal on cost

furncuic-n of only one ruria-ue.
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Mention needs to he made of the usage rates used in generating submarine demands for repair
parts. Expected item usage rates per patrol were developed from technician's estimates contained in
the Navy files just referenced. Fur consister!wy. these ptrol usage rates were used in both the computa-

tion of iRem stock levels att each ehelon and in the simulation of units demanded per item per patrokt

Since our purpose was to estimate the effectiveness of alternative inventory policies, rather than to
measire effectiVeness for the reai life system, the tecbnician's estimates were used without modifica-

tionn izl assessing the adequacy of supply to meet demand.

2. ALTERNAflVE' INVENTORY POLICIES

In thi& section we describe several alternative inventory policies. In choosing the policies to be
- simulated. the-objectives sought were twofold: (1) to assess the effects on a Polaris-type logistics system

EEO- " of vai.ous ruids for stocking the tender echelon, and (2) to assess the effects of a reduction in stock

levels at ihe end-consumer, i.e. submarine, echelon. The decision to focus on these aspects of multi-
S - -: -echelon nacn-in#entr'v policy ws based on the structure of the P -aris logistics system. As noted

previoihij }, for ibe Ni0risdlogistics system, resupply of submarines is periodic. While submarines are
zh statio; they have n. access to the r, ipply -system. This characteristic of the logistics system
Ssuggests that-c6nsis:eht witha dilar and storage con.-raints. the range and depth Af items,-ht, the

ui hu'r of different pads stoc;ked and number of'units stt-cked. respectively, at the submarine echelon
A ould hens large1 as pos~ible. Qin the othbr hand. the basic tree- tizet ureof the-Kl -4 l oistics %vflsen)

- andthe.un~taiies of denidd suggest-that the depot should-be iioizsideted as the primai-resupply -

echtelon. -Given these -premises. we exaini,,ed the impact on ligistics -system effectiveness of policies
w-hoe-, inte- t was to reduce system eorts by reducing stock levels, first it the tender echelon and then
at the submarine eche!on. No simulations examining the effect ofireduced depot stock levels tn -system

effectiveness were possible during the time available for the study. Some implications of the ana ysis
for this aspect of multi-echelon inventory policy are made at the end of the paper.

A multi-echelon policy; denoted io the "standard- policy, was chosen against which alternative
policies could lie compared. The particular policy chosen as die standard was, with one excepiiun.
the policy defined [f6.. It would be h.yofd the scope of this paper to describe the rules for determining
item stock levels ftr submarine, tender. and depot echelons as found in detail in 1[ It is sufficient to

note that in the Standard poley, the tender is loaded with. safety level sto,-w economic-add-on ste-A (to
reduce the number of ti--ies nantreial is shipped te the tender). -and endurance stock. Moreover, in the

standard policy. the tender is given parity with the depot as a resupply point. This parity is indicated
not so much by the dolar investment in stock at tht tender vis-a-vis the depot. but by the phusophy
underlying the way in which the tender is stocked.

In the standard-polivy, the tender is regarded as a mobile. mini-depot. While, in practice, tender

are anchore'l close to shore. they hae the capability if otwrating at sca.-t The objective of stcking the
tender as a mini-depot is achieved in 16 by establishing the same item stocktum probabilities at the
tender a. at the-depot. andby providing the tender with endurance stock in addit.ion ta .-afetv level

-E-2minaai4n 4 aiual subm-arirn;-m e 4ota indicates that the anera;e niladw. 4 -ifft-re'nt repeir ikw!li tr-ed per pairt
-_ry the eiire 54-'J!iolf f pamit was approxnmmately equal i, toe nurn-wr per at'At bV, the %simulato fotr the jaor,
contained Ie oaomple.

'See fi-lie 1,11 ra e 122.
ihe tpli-ttliy i. t,( 'Wefi? Nmus catraitd deten.dk on sitatvgwi i-maeferai rw-. 0 -%ii - - .i ai--h mins? obviosly_

_ lwh irf! o ilier..
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stock. In the altrr.ative tender policies examined here. the role of-the tender is quite different from

tile one just described.

In all inventory policies including the standard poliey, stock levels at each echelon are computed
using a model which is a generalization of the model applied to tile "newbovpn~blem'" isec {2J1. Titis
mudel provides optimal ite-i stock quantities for a single echelon, but when it is used sequentially at

each echelon in a logistics systen. tile overall distiilbution of stocks within tile system need n,-t be
optimal. It is important to note hnte that all oilier things being equal. the model computes the prtba-

bility of stockout for an item as a function of its military essentiality- unit priee. and unit eube.I Titus.
tie probability of stockout for an item at a given echelon is independent of the number of stations at

the next lower echelon.
Whereas tile standard policy just described stocks a large number of units at the tender, in the

next two policies no stock is placed at tilt second echelon.
In onet iolicy the tender is treated -as a loading platform. but it still retains its capability of op-

crating at sea. In this policy. denoted by "tender as a loading platfintn.--the tender is maintained as

an integral part of the logistics system. huuno investment is made in tender %tock. All demand-s placed
on the httindr are satisfied directly fron depont stock. The tender thu--ser-es as a-temporary storage

ilint requesting material from the depout in direi-t response to demand- ln end connime"- 11Ugeneral.
ilte tendilr as a loading platform pfoliey will lead ito increased tran-poriaton eosts rulw- frum the

-suhAtinition of priority trdnspirtatiot for;thle iormal mode of Iran-fer. tozinure in elya ral ofma-

terial t tle -nd consumer. lut even with the us of prioritv tranipttaoil there will li ame rcdiuenon

r - in submarine oustkrefit stock ivels and submarine effeetivene-s vs-a-vis- the case where material-_

preptsitioned at the tender. By use of the simulator, cianges in transportati~n and other ncot andI - logisti,,s system effectiveness, implicit to this pliey. are stimated

A very different approach is taken in a second policy. The logistics system ts treated as if it con-

sAsted of only two eelelons-stbmarines and a deMt. In practice. however, an advanced land base
situated in the same general area where the tender is normaily stationed would be needed to pern

minor repair work anti assist in the installation of repaired eomonents aboard suhmarines. it is

assumed that an advanced land base exists.* and that no stock is kept at this baft so, t (to maybe

considered as a loading platfirm. The difference between this illcy, denoted as the "no tender"

policy, and the previous one is the loss of the capability of mobility assoiated- with the tender. Addi-
tionally. one might expect sonie increase in trans-shipment time between depot and submarines

either 'eause tile loading of naterial aboard submarines will require more time in the ab-ence of the

tenler aid/or some repair work normally done at the tender will be shifted backwards to the det.

To take account of tite Iossibility of increased trans-shipment time, it is assumed in the fl- ender

policy that material eannot he furnished to submarines during tile refit pe&il.ad in which ltey request
resupply. This last assumption is equivalent to assuming that the probability of late arrival of t Oerial

in the forward staging area is 1.00. Since material always arrives late. only normal air transportation

is used in this ptolicy.
It has be-n suggested-- that where tile logistics system is retgrieted to peridie resupply of end

consumers, stock levels at tile lowest echelon should be as large as possible within the available dollar

tTh taitt tariatlk' i, u..rd nly at the sultmamine etbLrehn wtwre a .parr rimraint most Iw r-i.

*In what Cfottos tutlm, ontm-mng the l-tiirlrM fr'asi4lhi .if ii poliy arM in,,-n d.
Iln praclire. --one peenltag of items. pzrlitarly em,'m4natutr I.em.. ntoid r deliverable mw -. nu.tiari danng ih

r it jirim. T16 as%oimnhin. thrrerore. trails to An ..nersatemnrn! 4fie 1h f tetir .aa w -itwhzhrers~p
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and space constraints in order to maintain a high degree of effectiveness.t That is to say, when it is
important that no item, among several thousahd items, lacks replacement units in, order to avert a
malfunction in a larger system, in this case, the submarine, it may be necessaty to stock each item at
this-echelon in such quantities that .the °probability of experiencing a shortage is extremely small.
In, the, context of the present discussion. an example of a contrary policy would be to reduce initial

invisuiment in-stock at the submarine echelon rather than at-the tender echelon. In particular, a con-
trary policy might assume the-acceptability of some minimum probability of stockout for any item, e.g..
one shortage of a repair part per 100 patrols. This policy is used in [5J and in unpublished Navy unemor-
anda describing echelon stock level computations. It can he reformulated as a policy which iviposes a
maximum repair part protection level of 0.99 and prohibits stocking of units which raise the protection

level- fr any item above 0.99. This policy, which we denote as the "maximum protection level 0.99"
policyj is assessed here. To maiitain comparability, we assume that this policy is the same as the
standard policy-except that item protection levels at each echelon are constrained to a maximua value

of-oJ9. As-essment of this policy provides a means of evaluating the proposition that eontralization

of stocks at igher echelons&achieved by reducing stocks of end consumer units, can b- non-optimal
whienJiinmtitesu-plly of the- litter is not possible.

Th h iue-described ahve-are defined cpiidtly-iln Table 1 in terms of initial doilarinrcstment

in- t-c-fra h eln -I sh oas H11c Inev.taini :kifr: ~li~ehe~h~n t, ]0tic svte - -n ftag ijitid invest mint in stock. calculationsI- were fir-#nad for the imulited 1o iAc- siqtem.of 4mfe-sumarines,,one tender, antd one &pot
Ther fiMc . Mere theni -uccd' a a m b - for extrapd3lting- to -Tca pAi1tih Of'-the fo itis logistics

iiimiipniiig a force s ubmarines sbpported by five tenders and one depot-. The extr;apolated
-liguresi uslown in Table I)were obtaied by multiplying ihe original cost data for each echelon of the

simated lngisiirs system by- five. The use of a linear function for estimating initial investment costs
t thie fist two &heions is reasonable since the pioxy system contains five times as many submarine

ME--

- M m 1. Initial Dollar Investnent in Stock

14ieI- -we Dew Ta

i : m~sarine Ise

i. _ i 12t 37 241

Trader .4 _ 121 0 M3 Mt

N. __Tendrr 121 0 L 2W4

4. Maiium Pn-eeuion l.r OM9 In 3 -90

In milr.as of d44a1.' per .- year rp r-4 for a ,4tugstf system of 45 submariwe.
S tendrr. and I dept.

=This ~nrop:o'ithrin -s n-I address the questin of :I mix of items to be .qw-ked abl-aR submarins. ;.e.. sah.Ud sub-
muarines s ,lcrked with a large -umber - bw prit-d .tems -ra maller number of iitrms on.aining a arger P tirapm Ahh

-Fi all pi. itm at-ek u qanilis at the dejo oensit s nly of rarly level strk. This limitation on dpot ';.rk i* tae
..nly ffe brtwn the standard picy and tl ,ne defined by161. The ehane in the standard paicy wa,. made to acetiuare
ir -str-k - the k wit-_ ytimA- f chand m in jns ilti otWcey-. For the !lkirs consiered, the effvt is it oresumate

traj -Atk and dre retsv and tv. undeuiinate th ffeirns of the Polari ntr ptm
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and tenders as the simulated one. At the depot echelon, this procedure introduceS an element of
difficultv. On the one hand. because of uncertainty of demand. depot qoak requirements to suprt
five tenders will be less than five times the requirement to support one tender- On the other hand, the
Polaris logisties system contains two depots with some duplication of stck between them. Given the
focus of our study. the estimating procedure used here swems adequate.

As can he seen from Table 1. the total initial investment in stock for the standard policy is larger
by approximately 18 percent than for the other inventory policiecs in terms of c-sts assciated with
initial inves tment in stock, the tender as a loading platform and the no tender poiies are equivalent.

But other costs associated with the construction. maintenane. and operation of tenders which are
present in the former policy are absent in the latter one. Finally, we note the different distributions of
tock between Policy 2 (and 3) and Policy 4. althond the total initial investment in stock over

echelons is almost the same.
The inventory plicies defined in Table I are but several of a large umber of muli-echelon policies

which could have been simulated. The, tender as a loading platform and no tender poliies represent

limiting cazses of a "light" tender load. However. it may well be that reductions in in-estment in stock.
if reasonable at all, should be made at the submarine echelon.t In the next sion. figures are -
sented which suggest significant reductions in istic sysem effect ivene may result from a redc-

tion in stock at the-subinaine echelon. but- this may nwo he the ease if the reduetion is made at the
tender echelon.

3- COST-EFFECTIVENESS -EVACUATION
In any simulation, the problem of measuring cost and effectiveness is as troublesome, if not more

so. as the problem of design of the simulation. In the present oitext, the major difficties pe,-tain to
the measurement of effectiveness of a military ltogstics system and the- tanslation of chanes in effec-
tiveness into units which permit comparison with chane in osts. in zneral. the publems f measur-

ing effectiveness outweigh tlure pertaining to the measurement ot fsts. They are particularly difficult
to handle when thtre is no market mechanism for measuring effectiveness, In this section. we frst
prue-nt estimates of operating costs and niteasurements of system effectiveness, and then attempt a
rceficiliation of the two sides if the cost-effectiveness relationship.Estimates of operating costs, based on the simulation model, are swn in Table 9 Thes art

computed over a 5-year period which is taken as the average duration between fundamental equip-
ment design changes for Polaris submarines. As in th ease of the prevous table. a figures are coi-

puted by multiplying the cost estimates for the simulated system by a factor of five.

The least troublesome of the costs in Tabte 2. at least conceptually. are thonse relating to trans-

rtiation. depo-t order, repair. and production costs since for the policie-s considered these consist
only of operating expenses. But even here one encounters the difficulty of obtaining data from which
reasonable eost estimates can he made. For example. no information c -ud be found fir the cost of
repairing failed items. In this case. we assumce that repair cost wa a fractio-ouarter-of the cost
of production. As a proxy for the latter co-t. "he unit price of the item as found in the Navy files wa
used. The average depot order ost uas estimated from 131 as -0 per initial rler and S25 per foinw-4ii

t4~ei earner. no:miulak tt1:6 ant 4rttn iriniLoe nthd-srtt~ ~rpn..
ioai-i-.,.n -Ai r y rteiW not to, a* e,sr4.

et dr C 4 1sWrr iteVM r anag-d (r tvm $2 4 for p-urhe t t -Itr w & urr h- t vn -t z -alo. i_ n .Ir-sAia C r~= re. - t4-
j h --- W a d t r:nod cmn:. te aie ragr fosr al iys.f rinas. w asf I-reri Tatr VVS Btot131
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TABLE 2. Onrra"fng Costs,

I Z4 2 3 4
A[

l I Trn, pon:L. ... 

Repair ..... t 5t- i t

It I
Durti....... 14fl - t 01.4 2 I6 4 L2 UT

Towat .............. .4

In In'ia.o hlsper a-ycar peanou f--i a it.zai- -,-wino .45 - Ao-annrri. 5inen and dtPes.

i. .StandM
2A. Tewdr a in.ading plafi'rnsm- prnn" aib !rarsIp--nan. a tfn=ri hi.'tay rr"a. per-
2B ndisa m lafn.nnt r !rapranlinl prt

3. No tdeSr.
4..Madmhnam pmcia kt.ft99.

order The cost of normal air transportation was estimated at SB per item delivered to the tender.

This estimate was based on tariff schedules of the Material Air Tranzporl System and tonnage and

transacitn data supplied by the Strategic Systems Prjewets Office. Data or the rust of priorty air
transportation, however, were unavailable. It was sutled to the author that $100 per item delivered

_to the tender would be a reasonable estimate fitr priority air delivery., and this was the assumpthni =Y used here.

a2: compinent of operating costs asaclated ibh transpoaration is hand'i:eiharge+ We have
made no attempt -a estimate incremental handng charges at the dept euhing from reduced in-
vustment in stock at the tender. In effect, we considered this element of cost t+ be zerv. The reasoms

for taking this approach are twofold. First. the extra manpower r-quired at ah-c depot can he offst

to _,ome extent by a reduction in mantower at the tender tor advanced land base_. S ,nd. by reducinglite ;m1ame (if mterl tip Ie sture+d at thez-4 latter s.ihvs is may he pr-sible its alter their physical run-

liiaion, thereby effecting a reducton ia inv stment in plant. Alth'ugh .-5 is t er fidht there woud

he a -omplete eancellhtion of costs. we proceed on this assumain.

In estimating operating costs. conceptual problems- as well as daia trblems. are entuatered.
For example. slnd cost of inventory be measured in terms of initial investmr.t in stock or in some
other manner. We estimated inventory costs by measuring the vst of material osumed and assuming

an aliowance for the return of unused material after an accounting period- which in our ease covers
5 years. The amount allowed would depend on actual are-unting practices and on a variety if tators.
the most important iing the rate a, which material becoms obsomlescent. For thes1ophiticated Polaris

system. we assumed that ,ne-half of unused stick ebased tn figres pro-ied ly the simulator could

he rcovered after 5 years.

t tnt+ -4 m f ad c ? I. ., fi n ed a s a t r m te, a nrf it 4 4 .r- d iita d la - i U+ t a- e w a tr n vs r-va -& o h r tx t I m i ni aW

c-_de,. Any addit.-wt "wua-rt iaisiated after 46.+- dei-mt rl- . rs a -
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Our approach to the empirical and conceptual problems is typical. In the absence of the required

information, a number of assumptions have been made whose only justification is that they do not seem
unre-asonable. Should the reader have more information, he can modify the estimates in Table 2 and
reevaluate our conclusions.I Several observations can he made concerning the figure in Table 2. Looking at the structure of
operating c,_s.s pruduction and repair costs account for half or more of operating costs.* but they varv
very little among policies. The latter finding is not uneuxpected since these costs are related only toFmnsurption and are independent of the total investment or distribution of initial investment in stock.

Perhaps the most surprising figure in Table 2 i5 the cost of transportation for the tender as a loading

platform policy {Policy 2A) wien priority air transportation is use:.d to resupply all highly essential items.
M- can he seen from Table 3. the extremelyI high cost of transportation for this policy is due to two
factors: the large number of shipments from the depot due to the zero, stock leels at the tender and
the heavy use of priority air transportation due to the large proportion if highly essential items in the

samuple-

TABLE 3. Number of Shipments zo Tender by Mode of Transporta.ion and Number of Depot Orders
by Tq7-C

T-- 'er1

1-mt n 2S.46 1Mr 21W i5 48"I

Tom ig.- um- %' x 5fi-QU 34.11
I ' ja4i 54:M 35153

M --r 1.d

T-1-41 __

iI

The ele'-t of the firmer faeto.r s at*-. -e:n on depot ordering cust. Since depot stocks were purposely
imited ta only safety level sark. nr- n-one ordering occurs at the deqot when a demand is placed on

the terer r poit cit inte.t here i- the strong interrelationship between initial invetlment in stock
ar d te nrtnents of operaif . -.-_r4 . These relations are Mitch overloked. not because they are not
knwn. hut Icase of the difficulty of obthMaining estimates of the variables and parameters infiuening
*i1ieratxng ri'sIS.

Her araink ii Aamt iwe drnlr uhm s irnigR r-tirnairfl arr =-.s Trat1 tfr pnohtito an-drrpair "mO'. tai trr .4er-"
11,riw-d War mu, u.A dn -- flr cvri-ar tf'.6timnir.

W io;a. gr~ imm -'-4 ___ - I,_____ "iIn T M .i et ~ Table .1in n-m :1w no-Ift(ar inm
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To reduce the total aperating cost associted w i the tedra odn ltomroiv en
priority air transportation was used for -all hij=.v es-enial items, an alternative, version. Poller 291.
was simulated. In Policy 211. nornal air transportation isr sdfr all shipmet ben deo and

tender. Transportation corst for this new policri4siA=hfher tharfr the st andard policy, Uit it is

sufficiently redut ed to bring itota -pea cost below Iha fr th st. dr pLy
For the no tender poalicy, one nate-s that tidal osperatin truot IS even less than for Po-icy 2B1. despite

Mhe fact that- normual air transportatio is used for all items in- ta- plicie _ Mor tha aftedf
ferene in total nerating cost between thtes-e pall.-~ is ac wed for by depot order cost which is a
functin of thr numbelwr oif requests for sm-fak plarmed n the depot. The explanation fo:r the redution

inreusts for stock under the otne pfflis found in the construction of the simulationmdl

As mntinedearier whn mteral ad n asubmparine arrives after the submarine has de-
parted for its flat patrol, it becomes available to fther submarines on a first-come. first-served basis-
When more than one customer is given the_ uniu as-:'ue to another. hatching of requests necuriredue-

ring shipments to the advanced fland bae and 'wfth 4-mne-fsw-inn tudering at the depot) derpot orders to
Production and repair facilities Fur the no tender plire.. Whr It Wa asueh t atrial always

arrived late, batching of requests n-rurd frewthy This happene a i',au less 4euin Piller 2B1
where the probability of late 4 :;lwas much 5-nalrm

nThe rule that material ordered by oie rustoiner mr be aiJven to other customer- is. Rt4f an
exapleof tacn~inen~rrpoler. Frm i-~simlatonextnnnnts . would appear that this rule

would be an effective oaw in reduelur operrating russ Lnr-iszit, W'cm d!einss -Pay also' he re-

ductid however. if the material iven ton a secand customner is more urgently needed by the first rus-
towr. The probability rif this even? occunsng e" bez inumuri af - ratilinge7 of material is prohited
when the need o f the i.,t cust-mer is uae hn.rcili eddh h is utmrt

reace failed units oif a retair part as; contrasted ito the case where 'he stnr eve for anitem is positivie
but blohw the allowed quantity. -A similar rule for tradinta 01f smeok maybhe appliedM- in another contxt
Sice mo thnoesbaie 1:2 in rentiv at ane tine at a rvn-I-r.rpi at ol etae m

ubmarines,. In general. it Ahould mat be ty-& nvu hinc' to stabhi'ue hr whit-h the impk-mentation of
trading- results in reduiced operain costs and even art ci prv if nerain imn efciee

Of all the tioliies simulta. aqrrdna co ws lt fW tnrhe n-ainnm protection levet lk
Not Imui was i.nventory cont less for this pr-kher. -anin addi-tior 'rnpnrawin amd depoit twlercos

were kep how tdne to the earning of stock at the teader.
Stil !(c be distnussed is the log-iocs effnettrn ast-ne wfl each LiyBeoedin

-o. it is wrtih poaintiur out that wih only a oall invetNt in tender at. deadmu h eo
can be subsantially rerduced f th tede as a k~adt nfia polcy thereby oeig prtn

coscts tor this policy tot a level i=c6 below that nof the standard poller. This rn be accomilished. for

exampe, by stocking the tender with Items having law unit price and a highi expected demand rate.

This- approach was employed in !6N in the cmwnpti' n 4 rit nuit- add-mn _-aock itsing the fonnidation

-~~~I -sc Seb- - M ___- _ __.V,-T

F'h naa- the SbIzW lug Ktheur'64h i=t W-rk--rjrn ~rr ~n r h

dw-_ mta-ex ta ei.4te. it1 aN .a &i '-w* SE&- tr .- =rC rzw ai t a . ind .4p- ud r
W4 AMwit, wmdel Neam. If4 _ hdrj.-p-~.~r-~ o:oOmrtuidSb
&4 tS. Jt dt MI ar Ue~d' be-nr Itm 3 &.ranatal&i ce wr
,niimtiTy rqns.



where U, is the expected xnonthv m-a of an item at the tender,. anJ P is the iain unxpe. In fil.
an item's stock level is igher the ILCe its expeczed monthl,- UA=t and thre lamer its unit juice. As
cnht en- n abl 4 forthe m<Twdpolic.e st~ck-pl-ed at the tnerUsimtju cmpises

of thTw- h- na a4h a- te t Iiialnmn in ee . nsok Shuss. SfndadPdirn o Ivs
mout o SO44 ilfoa --- %mm n te d~w.c=-be ubsaial etcd.Tm f b-po
as n idxo -sbtntal ib -L, 7- __n fpnIua iem-st mi- htteeomk

- .. ~ 4 ftr~ 0 -A f.. WsiI

stc th _edrwsnt-imlt - sP
a ~ ~ _ 2-myuig t -rrIfmt

w hh oc no a n p= r inciple 'so the tende r a H t platm mx is-tA dea h e ra pg

Tothis Pint- in 1h1dm. ln rrnne as bermutleo iisar Jan a bto
definition has -been _praed Tyv.-.-alw. lonmisuics sysiem cffceiitenss is umur at- eacheheo in

measuemenkcan be rmiskisdbr. F ormeam pie the aenons may be aie xto Supply as avcetlae

percetane- oW demandlsa fus" rwn stfocksL desphte dMfe- ith: rr-am iAm-de hIrY dypi in
ssttiu hs WO!deans k -. acinflunits. Tis& case can arie wb-- Cod v.uinrra bare

suifiett-Alan im r oks mn tinds and demand isreiativedr low. These uw-" condltim cruzrize the
= Po1laris system. T0 avoid rnndnxripirauiu in- we tkfine lnviie system cuffenvus soiady in tem

of nbauainr effeexivenrss thiiuth even Ifor this snr ehelon, a number crdns- Jferiveness
mcaszureemeiu airr pVit xmsures 4 effertures pinvided by the simnlater fr the submarinec
elk' ame shown in Taia 3 an

The most commn meammr of sumaon (linies1 cffvverivenes-s is the fits.m showin in TaMe
3. In jracnr.. sunpbD- efretive - defined as thex paenu-m3-af demandts Cin reperi paitls dtnwn- a
pmAl for whktu-. submnarine sjwjk is nmnenx to satisfy all unitsda de. In thi d- ie a mm

to supydemtanded unsits is counted only Aigthe pr". in whinch the demand is wiais lte.
Our definidtion depan-es MnIR t'W in the atin eafru rt patrol unfilled dem-ands26 aireae as in ms
actions for ruesupp-Iris less than demand. Tus,. our deffiluina of supply~ rgertncr vidd aI ee
estimate than Ithe nor used -- m6-r fic. It Is 01' some inteest thedore.. "mvt thA sumine-Af supply
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mfeivn~ is ins-rsitise to IarheChanges in the level -and dlszribuzimj of Me~ h oitv ~tm
in paniczdar. ousdtn hs esr a n ne-irizi~ the nnhblew .- 'nnailng cha,_c, in dfit-

tenlm int dr, terms, the immxhum D.tero -Fie!pl;ammsrhe-avalrwhte

r C TABLE 5=SubAm arin, ttrra

- J y.n&.

=_7_ d -a

i-iein ennv -ih lem d fecns. For this pouce die ratanalfairc--

~ nY "w FEVI wir. W-.A hi-ne nia-.re-f fe~nr-npitt

- = - t-i- A 
-
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~fmr=t cirhia pa.fA I Ihe 4amFlU'r wer !%4u.then no putsrats Would he aorted for Policies

1 a2 ZA wlxOIlr fm- PeZ21~n rnr ~- arl wihtedntb opee il

Anvither qnesvhen in f._rnwra=n %, -ri Table 6nenain t tnhe of n4hune&r For

am-- 1n-0 zy _;_ the 4ed fejireireness- Cianddrn psAUdpn on whether the second
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In addition, we introduce a notation
(: 3) .. . ... . .

and , the corresponding expressions to 1for t h sequence terms ofrtieKi<:.
{+Now consider L and R given u,m page 142 ,ji I2].It is easy to sue that the terms of H+ ,,-K. H,".+ K'

for u =i. '- i and j4-2 v n n are ?lissmin. The correct expression. for 1. and R are given below.

Lamax ufl+KX.1 ns-"j: I,4- -*K. 1 - u tj+ H 1: T K.ffr,K, j+ 2 v n)

R ax K.1' u-<.:t.,+K.. I H u j+ 1: H'+KHl+K +.2.j-2crn)

'the underlined expre-;--oint indicate the missing irs in I, and R i [2].
This trivial eor is crucial. Iincero since it leads to incorrect otimalit criteria tsee Theorem 3

on page 144 of [.=

The correct form f L and R changes all three -riteria presented in the mentioned theorem. For
instance, criterion 1 wili'be as follows:

-a' B constant. i I A A ic! Ci > Ct r all t

2. Some Special-Cases of the Three -Machine Pr6bem

Co- 9 o der a sequence fldefined by (3) and the cerrespondjing Kk and W. thezi.

- ep) (lr+ K.).

CASE 1: Let Max Atl '-Min B-

then

ad - KGK,, for I t :zn-

rgp I K ~ Iig 'A; max Jr ;

A..4max (11 B; 48w .-.Q .I . - .

r

-- 45- " l

max [4... max( D,.-. -. a a

Let P denote the set ,t'all sequences with j, i. We are interested in minimizing pi([) overall possible
sequences /i. For a fixed-. -

I;r Min [ma iBj

)- is Mie minimum idle time on the last machine C. for the two machine problem with machines B and
- and the (n -- Ijo other than i,

fle.ce. we can develop the filowing :trnccdure h obtain an optimal sequence. For i=1. 2.

_=/S Ds+B,-C+max (C. 1i).
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where 1, is as defined above. Let Sb be dhe corresponding optimal sequence.

Find A., =: rmin Di.

I
PTn an ptiiial sequence for the prohlem is given hy U.. &0
i Example:

jobs A6  I C;

1 5 9 6

2 8 15 5

3 7 82

4 4 12 4

Here. we have. using Johnson's rule.

It ="93 and S, = (2.4. 3)

19 and S:!= (1. 4. 3)

1.=21 and S-= (1. 2- 4)

1, = 17 and S4= (1. 2, 3).

h can be found, using the expression for idle time on the last machine in the two machine problem ori. ~ Ganut chart.

Now +, -C; for i = 1. 2.3 and 4 are 3. 14. 13 and 1.2. respectively.

As 1; > Ci. Vi. we have. D =30. D:.=33. DA=34 and D=29

Since D, is the minimum over Ds. (4. 1. 2. 3) is an optimal sequence.
CASE I1: Let max C. k min b&. Consider the sequence fl j,. = .....
Then

-ind
g(f) b-c+ (CJ.i+ max ) = (b-c)+ [C= + Max (/K. a-b4B_ it

where ,

a= 1. b= A. c= V C1.

Similar to case i. fixing . one can develop the following procedure. For i 1, 2 ......... n.
Calculate

D,= C;+ max (1.a - b -t

when 1h is minimum idle time on the last machine B. for the two-machine problem with machines A and
B and the (n - 1) jo s other than i. Let S Ie the corresponding optimal sequence.

Find A =. Min D;.
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Then an optimal sequence for the problem is given by (S. i.).
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NEWS AND MEMORANDA

INTERNATIONAL CONFERENCE ON STOCHASTiH POINT PROCESSES

An n!cinational Conference on the topic "Stochastic Point Processes: Statistical Analysis.
Theory and Applications" will be. held at the IBM Research Center. Yorktown Heights. New York on
August 2-7. 1971. the week before the International Statistical Institute meetings in Washington. D.C.
The organizing committee consists of D. R. Cox and P. A. W. Lewis. Chairmen. M. S. Bartlett. J. Gard.
K- Matthes. P. A. P. Moran. E. Parzen. R. Pyke. W. IL Smith. and D. Vere-Jnes.

The aim of the conference is to bring together mathematicians and statisticians working in this
field and wvorkers in applied fields, such as etlogy. neurophysiolog,. traffic studies. reliability. imo-

raphy. forest r.. cideniology. and geophysics. Consequently. there will he three eateg.ries of papers

presented at the conlerence:

Survey pars on the mathematical theory. statistical analysis and models of univauiatc point
processes. multivariate point processs. multidimensional point prcesses, and line processes:

ii Review naplrs on the types of problems involving imint processes encountered in fields of an-
plication such as ecoogy neurophysiohogv. physics. forestry. reliability, traffic. geography. etc.

i A limited number of contritdtedpapers on new wtrk in the field.

We hope to have the survey papers available before the conferene and als to print a colapiiation
of -'pn prubllens f,,r discussion at the conference. Problems for inclusion should he lim-ited to one

typewditen page I-2x1 I in.) and ie submitted before April 30. 1971. Each submission should include

the authors name ant address.
Papers presented at the conference will In' published either in Biomririka. or in the journal rd

Applied Proimtbiir and Advances in .4pphed Prubnbilit, subject ti, the usual acceptance and referee-

ing procedures.

Further information and submissions to the conference should he. made to:

Dr. P. A. W. Lewis
Mathematical Sciences Department
IBM Research Center
P.O. Box 218
Yorktown Ilciihts. N.Y. M98. U.S.A
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I INFOLMATION FOR CONTRIBUTORS

Ft - The NAVAL RESEARCH LOGISMIS QUARTERLY is devoted to die dissemination of

scetii ifration in loistics and -wil pvblish research and expository papers, inludigthose
F in certIinmareas of - athemais sttis ad-economics, relevant to theovrlefotoimoe
Ft ~~theiefficiency-and effecivnessoliticoenin

Manucrirsa~oter tem fo pulicaion should be sent to The% MaagngEditr NAVAL

-LGSTC QARTELY-Office -of Naval- -Reearch. -Awngwn .t22I

&chinaus~t vichis ohsder~tobesiralematerial zor the QUARTERLY is sent to one

Manusripr subied for pulicaio should be- -pwien. doublespaced and the auzbor

shul eain a copy. Rfed n oxMaY be expedited if an extra copy of the mauscript is subimitted

I -with the originaL

-Ashort atact (not over 400 tordi)-should accompany each manuscriptThis w-il appear

atthe hA of the published paer in thE URTRY

-There i-no Authoriznio -for connrmm~unn t- athors fow~eri-hich haebeen a
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